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§0 Introduction 

Our aim is to prove the results of the form "build complicated/many models 
of cardinality A"*""*" by approximation of cardinality A" assuming only 2^ < 2^ < 
2^ , which are needed in developing classification of a.e.c, i.e. in this book and the 
related works (this covers [ 

Sh 87b], [Sh 88] redone in Chapter I and [Sh 576], [Sh 603] which are redone in 
Chapter VI + Chapter VII and [Sh 87b] which is redone by Chapter III, Chapter 
IV, [Sh 842], so we ignore, e.g. [Sh 576] now), fulfilling promises, uniformizing and 
correcting inaccuracies there and doing more. But en-route we spend time on the 
structure side. 

As in [Sh 576, §3] we consider a version of construction framework, trying to give 
sufficient conditions for constructing many models of cardinality by approxima- 
tions of cardinality < 9 so A"*" above correspond to d. Compared to [Sh 576, §3], 
the present version is hopefully more transparent. 
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We start in §1,§2 (and also §3) by giving several sufficient conditions for non- 
structure, in a framework closer to the applications we have in mind than [Sh 576, 
§3]. The price is delaying the actual proofs and losing some generality. Later 
(mainly in §4, but also in §6 and §8) we do the applications, usually each is quoted 
(in some way) elsewhere. Of course, it is a delicate question how much should we 
repeat the background which exists when the quote was made. 

The "many" is interpreted as > A*unif(A"'""'', 2"^^), see 9.4 why this is almost equal 
to 2^*^^^. Unfortunately, there is here no one theorem covering all cases. But if 
a "lean" version suffice for us, which means that we assume the very weak set 
theoretic assumption "WDmId;)^+ (a normal ideal on A"*") is not A''""'~-saturated" , 
(and, of course, we are content with getting > /Uunif(A"'~''", 2'*'^)) then all the results 
can be deduced from weak coding, i.e. Theorem 2.3. In this case, some parts are 
redundant and the paper is neatly divided to two: structure part and non-structure 
part and we do now describe this. 

First, in §1 we define a (so called) nice framework to deal with such theorems, and 
in the beginning of §2 state the theorem but we replace A"*" by a regular uncountable 
cardinal d. This is done in a way closed to the applications we have in mind 
as deduced in §4. In Theorem 2.3 the model in 5+ is approximated triples by 
(M^,J'',f ) for ?7 e ^^>2 increasing with 77 where is an increasing chain of 
length d of models of cardinality < d and for each ry e ^^2 the sequence (□{M^'^^ : 
a < d} : e < d^) is increasing; similarly in the other such theorems. 

Theorem 2.3 is not proved in §2. It is proved in §9, §10, specifically in 10.10. 
Why? In the proof we apply relevant set theoretic results (see in the end of §0 and 
more in §9 on weak diamond and failure of strong uniformization) , for this it is 
helpful to decide that the universe of each model (approximating the desired one) 
is C and to add commitments F on the amalgamations used in the construction 
called amalgamation choice function. 

So model theoretically they look artificial though the theorems are stronger. 

Second, we deal with the applications in §4, actually in §4(A),(C),(D),(E), so we 
have in each case to choose u, the construction framework and prove the required 
properties. By our choice this goes naturally. 

But we would like to eliminate the extra assumption "WDmId;v+ is A''~^-saturated" . 
So in §2 and §3 there are additional "coding" theorems. Some still need the "amal- 
gamation choice function" , others, as we have a stronger model theoretic assump- 
tion do not need such function so their proof is not delayed to §10. 

Probably the most interesting case is proving the density of i.e. of unique- 

ness triples (M, a) G K^'^^ for s an (almost) good A-frame, a somewhat weaker 
version of the (central) notion of Chapter III. Ignoring for a minute the "almost" 
this is an important step in (and is promised in) III§5. The proof is done in two 
stages. In the first stage we consider, in §6, a wider class C kI' ^ than K^'^^ 
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and prove that its failure to be dense implies non-structure. This is done in §6, 
the proof is easier when A > or at least "^a+ is not A"'""''-saturated" ; (but this 
is unfortunate for an application to Chapter I). But for the proofs in §6 we need 
before this in §5 to prove some "structure positive theory" claims even if s is a good 
A-frame; we need more in the almost good case. 

So naturally we assume (categoricity in A and) density of kI'"'^ and prove (in 
§7) that WNFg, a weaker relative of NFg, is a weak s-non- forking relation on M.s 
respecting s and that s is actually a good A-frame (see 7.19(1)); both results are 
helpful. 

The second stage (in §8) is done in two substages. In the first substage we deal 
with a delayed version of uniqueness, proving that its failure implies non-structure. 
In the second substage we assume delayed uniqueness but Kg'"^^ is not dense and 
we get another non-structure but relying on a positive consequence of density of 
Ks'^'P (that is, on a weak form of NF, see §7). 

Why do we deal with almost good A-frames? By III§3(E) from an a.e.c. M. 

categorical in A, A"*" which have G [1, //unif(A''~"'', 2'^^)) non-isomorphic models in 
A"'"+ we construct a good A'^-frame s with C ^. The non-structure theorem 
stated (and used) there is fully proven in §4. However, not only do we use the 
A+^-saturation of the weak diamond ideal on A""", but it is a good A^-frame rather 
than a good A-frame. 

This does not hamper us in Chapter IV but still is regretable. Now we "correct" 
this but the price is getting an almost good A-frame, noting that such 5 is proved 
to exist in VI§8, the revised version of [Sh 576]. However, to arrive to those points 
in Chapter VI, [Sh 576] we have to prove the density of minimal types under the 
weaker assumptions, i.e. without the saturation of the ieal WDmId;^+ together 
Chapter VII + VI§3,§4 gives a full proof. This requires again on developing some 
positive theory, so in §5 we do here some positive theory. Recall that [Sh 603], [Sh 
576] are subsumed by them. 

We can note that in building models M e for s an almost good A-frame, 

for convenience we use disjoint amalgamation. This may seem harmless but prov- 
ing the density of the minimal triples this is not obvious; without assuming this we 
have to use (Mq,, ha,i3 : a < (3 < d) instead of increasing (Mq, : a < d); a, nota- 
tionally cumbersome choice. So we vise a congruence relation =r bvit the models 
we construct are not what we need. We have to take their quotient by =t-, which 
has to, e.g. have the right cardinality. But we can take care that \M\/ has 
cardinality A"''"'" and a e M =^ \a/ =t- \ = X'^'^. For the almost good A-frame 
case this follows if we use not just models M which are A"*" -saturated above A but if 
Mo <^[s] Ml <^[s] M, Mo G Kg, Ml G K^^ and p G S^^%Mo) then for some a G M, 
for every M[ <si[s] Mi of cardinality A including Mq, the type tps{a, M(, M) is the 
non-forking extension of p, so not a real problem. 
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Reading Plans : The miser model - theorist Plan A : 

If you like to see only the results quoted elsewhere (in this book), willing to 
assume an extra weak set theoretic assumption, this is the plan for you. 

The results are all in §4, more exactly §4(A),(C),(D),(E). They all need only 2.3 
relying on 2.2, but the rest of §2 and §3 are irrelevant as well as §5 - §8. 

To understand what 2.3 say you have to read §1 (what is u; what are u-free 
rectangles; assuming ^ is categorical in A""" you can ignore the "almost"). You may 
take 2.3 on belief, so you are done; otherwise you have to see §9 and 10.1 - 10.10. 

The pure model - theorist Plan B : 

Suitable if you like to know about the relatives of "good A-frames". Generally 
see §5 - §8. 

In particular on "almost good A-frames" see §5; but better first read 1.1 - 1.14, 
which deal with a related framework called "nice construction framework" and in 
§6 learn of the class K^'^^ C Kg'^^ with a weak version of uniqueness. By quoting 
we get non-structure if they fail density. Then in §7 learn on weak non-forking 
relations WNF on which respects s, it is interesting when we assume Kg'^^ has 
density or reasonably weak existence assumption, because then we can prove that 
the definition given such existence, and this implies that 5 is a good A-frame (not 
just almost). In §8 we prove density of uinqueness triples {Kg'^^) in Kg' ^, so quote 
non-structure theorems. 

The set theorist Plan C : 

Read §1, §2, §3, §9, §10, §11 this presents construction in 5+ by approximation of 
cardinality < A. 

0.1 Notation : 

1) u, a construction framework, see §1, in particular Definition 1.2 

2) Triples {M,N,J) e FR^, see Definition 1.2 
2A) J and I are C M e 

3) d, and also e, a u-free rectangle (or triangle), see Definitions 1.4, 1.6 

4) Kt, the set of (M, J,f), see Definition 1.15, where, in particular: 

4A) f a function from d to d 

4B) J_= (J« : a < a), Ja C M«+i\M« 

4C) M = {Ma : a < d) where e R<^g is <^-increasing continuous 

5) Orders (or relations) on K^^ :<l\ <f, <f 

6) c, a colouring (for use in weak diamond) 

7) F (usually F), for amalgamation choice functions, see Definition 10.3 
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8) 5, a function from K^^ to itself, etc., see Definition 1.22 

(for defining "almost every ...") 

9) Cardinals A, x, «, ^, 5, but here d = cf{d) > ^o, see 1.8(2) in 1.8(1B), % is 
the club filter on d 

10) F in the definition of limit model, see Definition Chapter I, marginal. 

0.2 Definition. 1) For K a set or a class of models let i{K) = {M/ ^: M e K}, 
so it is a cardinality or oo. 

2) For a class K of models let /(A, K) = i{Kx) where Kx = {M e K : \\M\\ = A}. 

3) For ^ = {K, <a) let = I{K) and /(A, ^) = /(A, K). 

Remark. We shall use in particular see Definition 1.23. 

We now define some set theoretic notions (we use mainly the ideal WDmTIdg and 
the cardinals A*wd(5)5 Atunif(5''", 2^)). 

0.3 Definition. Fix d regular and uncountable. 

1) For d regular uncountable, S C d and x = {Xa a < d) but only x \ S matters 
so we can use any x = (xa : a e S") where S C S' let 



WDmTId(a, S,x) = <A:AC [[ Xa, and for some function (= colouring) 

c with domain "(2^^) mapping "(2^^) into Xa, 

for every r] e A, for some / e ^(2^^) the set 
{S e S : r]{S) = c(/ I" S)} is not stationary (in 9)|. 

(Note: WDmTId stands for weak diamond target ideal; of course, if we increase 
the Xa we get a bigger ideal); the main case is when a e S' =^ Xa = 2 this is the 
weak diamond, see below. 

lA) Here we can replace 2*^^ by any set of this cardinality, and so we can replace 
/e^(2<^) by /!,...,/„ G^(2<^) and / \ 6 hy {h \ 6, ... Jr, \ 5) and c(/ \ 6) by 
c'(/i \ 5, . . . ,fn \ 5) SO with c' being an n-place function; justified in [Sh:f, AP,§1]. 
2)1 



Mn [Sh:b, AP,§1], [Sh:f, AP,§1] we express cov^amtid, S) > n* by allowing /(O) e /i* < /i 
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cov„dn.t(a,^,x)= Minjl^h^C WDmTId(a,5,x) and J] Xa ^ [j A 

^ aes Ae^ 



3) WDmTId<^(a, S,x) = 1^^ JJ Xa : for some T < /x and 

A, e WDmTId(a, S, x) for 
i < i* we have AC > 

i<i* ■' 

4) (a) WDmTId(a) = WDmTId(9, d, 2) 

4) (6) WDmId<^(a, x) = {5 C a : cov„dmt(a, 5, x) < 

5) Instead of "< /U"*"" we may write < n or just /i; if we omit // we mean (2^^). If 
X is constantly 2 we may omit it, see below, if Xa = 2'"' we may write pow instead 
of x; all this in the parts above and below. 

6) Let /Xwd(9,x) = coVwdmt(9, a, x)- 

7) We say that the weak diamond holds on A if 9 ^ WDmId(9). 

Remark. This is used in ^^^E46-3c.22 VI. ^^^E46-3c.22 VI. 

^^^E46-6f.l3 Note that by 0.5(1A) that ;Uwd(A+) is large (but < 2^^, of 

course) . 

A relative is 

0.4 Definition. Fix d regular and uncountable. 

1) For d regular uncountable, S C d and x = {Xa : a < d) let 

Unfrid(a, S,x) = \ A:AC JJ Xa, and for some function (= colouring) 

c with domain "(2^^) mapping "(2^^) into Xa, 

for every rj G A, for some / G ^(2^^) the set 
{6 E S : ri{6) 7^ c(/ \ S)} is not stationary (in d) >. 
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(Note: UnfTId stands for uniformization target ideal; of course, if we increase the 
Xa we get a smaller ideal); when a e =^ Xq = 2 this is the weak diamond, i.e. as 
in 0.3(1), similarly below. 

lA) Also here we can replace 2^^ by any set of this cardinality, and so we can 
replace / G ^(2<^) by /i, ...,/, G ^(2<^) and / f 5 by (/i f 5, . . . , /„ f 5) and 
c(/ \ 5) by c'(/i f 5, . . . , /n \ 5) so with c' being an n-place function, justified in 
[Sh:f, AP,§1]. 

2) coVunf(a,5,x) = Minjl^l : ^ C UnfTId (9, 5, x) and J] C |J a| 



3) Unfrid<^(a, 5, x) = M C JJ Xa : for some T < and 

aeS 

Ai e Unfrid(a, S, x) for 
i <i* we have AC [J Ai\ 

i<i* ^ 

4) Unfld<^(a, x) = 1^ C a : coVunf(a, 5, x) < /^j- 



5) Instead of "< we may write < or just if we omit fj, we mean (2^^). If 
X is constantly 2 we may omit it, if Xa = 21*^1 we may write pow instead of x; all 
this in the parts above and below. 

6) /iunif (f^, x) where x = (Xa a < d) is Min{|^| : is a family of subsets of 
Y\ Xa with union JJ^ Xa and for each A & ^ there is a function c with domain 

a<d a<d 

[_J Y\. -^f^ such that f e A^ {S e S : c{f \ d) = f{S)} is not stationary}. 

a<d f3<a 

7) /Uumf(5,x) = /^umf(9,x) where x = {x ■ <^ < d) and /Uunif(5, < x) means 
sup{//unif(f^, Xi) • Xi < x}; similarly in the other definitions above. If x = 2 
we may omit it. 



By Devlin Shelah [DvSh65], [Sh:b, XIV,1.5,1.10](2);1. 18(2), 1.9(2) (presented better 
in [Sh:f, AP,§1] we have: 
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0.5 Theorem. 

1) Ifd = Ki,2^o < 2^\n< (2^«)+ then d i WDmId<^(a). 

2) If 2^ = 2<^ <2^,n= (2^) + , or just: for some 6,2^ = 2<^ < 2^, < 2^, and 
< ^ for X < /U, then d ^ WDmId^(9) equivalently ^2 ^ WDmTId^(9). So 

{^Ud)Y = 2^. 

3) Assume 2^ = 2<^ < 2^, ;U < 2^ and 

(a) /U < 9+ or cf([/Ui]-^, C) < ^ /or (ii < (i and 
[h) d{^) > doin < (2<^) + . 

Then WDmId<^(9, x) is a normal ideal on d and WDmTId<^(9, x) is a cf(^)- 
complete ideal on ^2. [If this ideal is not trivial, then d = cf{d) > Kq, 2^^ < 2^ .] 

4) WDmTId<^(9, S", x) is cf{fi)- complete ideal on Y\ Xa- 

aes 



0.6 Remark. 0) Compare to §9, §10, mainly 9.6. 

1) So if cf(2^) < /X (which holds if 2^ is singular and n = 2^) then 0.5(3) implies 
that there is A C ^2, \A\ < 2^, A ^ WDmTId(a). 

2) Some related definitions appear in [Sh:E45, §1], mainly DfWD<^(9), but presently 
we ignore them. 

3) We did not look again at the case (Va < A)(2'^ < 2<^ < 2^). 

4) Recall that for an a.e.c. A: 

(a) if Kx 7^ but K has no <^-maximal model in Kx then Kx+ ^ 

(6) if A is categorical in A and LS(.^) < A then Kx+ 7^ iff -ftT has no <i^- 
maximal model in Kx- 

5) About n^did) see VI. ^^^E46-la.l6 VI. ^^^E46-2b.l3 VI. 
^^^E46-6f.4 



0.7 Definition. 1) We say that a normal ideal I on a regular uncountable cardinal 
A is /U-saturated when we cannot find a sequence A = {Ai : i < ^) such that 
Ai C Ai ^ I for i < fx and Ai n Aj E I for i ^ j < /i; if fx < X'^ without loss of 
generality Ai n Aj e [A]<^. 

2) Similarly for a normal filter on a regular uncountable cardinal A. 
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§1 Nice contruction framework 

We define here when u is a nice construction framework. Now u consists of an 
a.e.c. with LS(.^) < du = cf(5u), and enables us to build a model in Kq+ by 
approximations of cardinality < d := d^. 

Now for notational reasons we prefer to use increasing sequences of models rather 
than directed systems, i.e., sequences like (Mq,,/^ ^, : a < P < a*) with /^^q, : 
Ma Mf3 satisfying f^^p o fp^^ = /a,7 for cc < /3 < 7 < a*. For this it is very 
desirable to have disjoint amalgamation; however, in one of the major applications 
(the density of minimal types, see here in §4(A),(B) or in [Sh 576, §3] used in 
VI§3,§4) we do not have this. In [Sh 576, §3] the solution was to allow non-standard 
interpretation of the equality (see Definition 1.10 here). Here we choose another 
formulation: we have r C t(u) such that we are interested in the non-isomorphism 
of the T-reducts of the M's constructed, see Definition 1.8. Of course, this is 
only a notational problem. 

The main results on such u appear later; a major theorem is 2.3, deducing non- 
structure results assuming the weak coding property. This and similar theorems, 
assuming other variant of the coding property, are dealt with in §2, §3. They all 
have (actually lead to) the form "if most triples (M, J, f ) e K^^ has, in some sense 
2 (or many, say 2^^) extensions which are (pairwise) incompatible in suitable sense, 
then we build a suitable tree ((M^, J^, /^) : rj G ^^^2) and letting = U{M2 • 
a < A} for ?7 G ^^>2 and M^, := U{M;^fQ, : a < 9+} for u G ^^2 we have: among 
many are non-isomorphic (and in Kq+). Really, usually the indexes 
are ij G ^^>(2^) and the conditions speak on amalgamation in i.e. on models 
of cardinality < d but using FRi, FR2, see below. 

As said earlier, in the framework defined below we (relatively) prefer trans- 
parency and simplicity on generality, e.g. we can weaken is an a.e.c." and/or 
make FR^ is axiomatic and/or use more than atomic successors (see 10.14 + 10.16). 

In 1.1 - 1.6 we introduce our frameworks u and u-free rectangles/ triangles; in 1.7 
- the dual of u, and in 1.8 - 1.12 we justify the disjoint amalgamation through "r is 
a u-sub- vocabulary" , so a reader not bothered by this point can ignore it, then in 
1.13 we consider another property of u, monotonicity and in 1.14 deal with variants 
of u. 

In 1.15 - 1.26 we introduce a class K^^ of triples (M, J,f) serving as approxi- 
mations of size d, some relations and orders on it and variants, and define what it 
means "for almost every such triple" (if is categorical in d this is usually easy 
and in many of our applications for most (M, J,f) the model U{Mq. : a < d} is 
saturated (of cardinality d). 

1.1 Convention : If not said otherwise, u is as in Definition 1.2. 
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1.2 Definition. We say that u is a nice construction framework wiien (ttie demands 
are for £ = 1, 2 and later (D) means (D)i and (D)2 and (E) means (E)i and (E)2): 

(A) u consists of d,K= (-ftT, <it), FRi, FR2, <i, <2 (also denoted by 9u,^" = 
^7 = (i^u'',<u),FR!i',FR^,<i,<2) and let Tu = r^. The indexes 1 and 
2 can be replaced by ver (vertical^, direction of d) and hor (horizontal, 
direction of 9+) respectively 

(B) d is regular uncountable 

(C) ^ = = {K,<si) is an a.e.c, ^ of course with LS(i^) < d (or 
just (VM e K){WA G [M]<^){3N){A C N M A \\N\\ < d)). Let 
■^u = ^<d = i^<d.<n\ K<q) where K^q = \ {M : M e K^^ has 
cardinality < d} and ^[u] = Ku^. 

(To prepare for weaker versions we can start with a (< 9)-a.e.c."^; this 
means i^T is a class of models of cardinality < 9, and in AxIII, the existence 
of union we add the assumption that the length of the union is < 9 (here 
equivalently the union has cardinality < d) and we replace "LS(^<a) exists" 
by K^Q ^ and let be its hfting up, as in III. ^^^600-0.31 
and we assume K ^ ^ so ^ = and we write = and <^ for <^up 
and <u for <>^<g) 

{D)i (a) FR^ is a class of triples of the form (M, A^, J), closed under 

isomorphisms, let FR+ = FR"'+ be the family of (M, N, J) G FR^ 
such that J 7^ 0; 

(6) if (M, A, J) G FR^ then M <^ N hence both are from Ky, 
so of cardinality < d 

(c) if (M, N, J) G FR^ then"^ J is a set of elements of N\M 

(d) if M e Ky then ^ for some N, J we have (M, N, J) G FR^ 

(e) if M <uN e Ky then ^ (M, N, 0) G FR^ 



■^Hard but immaterial choice. We construct a model of cardinality 9+ by a sequence of length 
9+ approximations, each of the form {Ma,Ja ■ ol < d),Mct G K^g is <^^g-increasing and 
(Met, Mq-i-i, Jet) G FR2. If (M4,Jq : a < 9) is an immediate successor in the 9+-direction 
of {Ma, 3 a ■■ a < d) then for most a, Ma <u M^ and {Ma,M^,Ia) € FRi for suitable !„, 
increasing with a and (M^, M'^^^, J'^) G FR2 is <^-above {Ma,Ma+i,Ja)- Now the natural 
order on FR2 leads in the horizontal direction. 

^less is used, but natural for our applications, see §9 

■^If we use the a.e.c. K' defined in 1.10 we, in fact, weaken this demand to "J C A^". This is 
done, e.g. in the proof of 4.1 that is in Definition 4.5. 

^We can weaken this and in some natural example we have less, but we circumvent this, via 
1.10, see 4.1(c); this applies to (E)(b)(/3), too; see Example 2.8 

^not a great loss if we demand M = N; but then we have to strengthen the amalgamation 
demand (clause (F)); this is really needed only for £ = 2 
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{E)e (a) <i=<i is a partial order on FR^, closed under isomorphisms 

(5)(a) if (Ml, A^i, Ji) <i (M2, iV2, J2) then Mi M2, A^i <u and 
Ji C J2 

(/?) moreover A^i fl M2 = Mi (disjointness) 

(c) if ((Mj, Ni,3i) : i < 5) is <^-increasing continuous 

(i.e. in limit we take unions) and 5 < d then the union 

U {Mi, Ni, 3i) :={[jM,,\jN„\J J,) belongs to FR^ and 

i<S J<<5 i<5 i<S 

i<6 i<6 i<6 

(d) if Ml <u M2 <u iV2 and Mi <u Ni <u then 

(Mi,iVi,0) <i (M2,iV2,0) 

(F) (amalgamation) if (Mo,Mi,Ii) e FRi, (Mq, M2, Ji) G FR2 and Mi n 
M2 = Mo then we can find'^ M3, 12, J2 such that (Mq, Mi, Ii) <i (M2, M3, 12) 
and (Mo, M2, Ji) <2 (Mi, M3, J2) hence Mi <u M3 for £ = 0,1, 2. 



1.3 Claim. 1) has disjoint amalgamation. 

2) If 1 = 1,2 and (Mq, Mi, Ii) G FR^ and Mq <„ M2 and Mi n M2 = Mo then we 
can find a pair (M3, I^) such that: (Mo, Mi, I) <^ (M2, M3, I^) e FR^. 



Proof. 1) Let Mq M^ for £ = 1, 2 and for simphcity Mi n M2 = Mq. Let 
Ii = 0, so by condition (D)i(e) of Definition 1.2 we have (Mo, Mi,Ii) e FRi. Now 
apply part (2), (for £ = 1). 

2) By symmetry without loss of generality 1=1. Let Ji := 0, so by Condition 
(D)2(e) of Definition 1.2 we have (Mq, M2, Ji) G FR^. So Mo, Mi, Ii, M2, Ji satis- 
fies the assumptions of condition (F) of Definition 1.2 hence there are M3, 12, J2 as 
guaranteed there so in particular (Mo, Mi, Ii) <y (M2, M3, 12) so the pair (M3, 12) 
is as required. 01.3 

1.4 Definition. 1) We say that d is a u-free (a, /3) -rectangle or is u-non-forking 
{a, /?)-rectangle (we may omit u when clear from the context) when: 

(a) d = ((Mij :i<a,j< (5), (J^j : i < a,j < /3), :i<a,j< /3)), 
(we may add superscript d, the "z < a" , "j < /3" are not misprints) 

(6) {{Mij, Mij+i,Iij) : i < a) is <i-increasing continuous for each j < P 

■''we can ask for <^ M!^' and demand (Mo,Mi,Ji) <2 (M2, M^, J'j^), (Mq, M2, Ii) < 
(Ml , Mg', I2), no real harm here but also no clear gain 
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(c) {{Mij, Mj_|_i j, Jij) : j < (3) is <2-increasing continuous for each i < a 

(d) Majj = \J{Mi^p : i < a} ii a, 13 are limit ordinals. 

2) For a u-free {a, /3)-rectangle and ai < a, I3\ < {3 let = \ (cui, (3i) means: 

(a) d^ is a u-free (cti, /9i)-rectangle, see 1.5 below 

ih) the natural equalities: uf- = Mf-,if- = Jf',lfi = if^- when both sides 
are well defined. 

3) d^ = d^ I" ([«!, 0:2], /92]) when ol\ < < (3\ < (32 < i3 is defined similarly. 

4) For d as above we may also write ctd, CK(d) for « and /3d, /3(d) for /? and if I^^- is 
a singleton we may write I^^- = {0^^^} and may just write iMf^j^ Mf^^j^^^ a^^) and 
if J^^ is a singleton we may write J^^ = {fe^^j} and may write (M^^^-, M^^^^ 6^^). 
Similarly in Definition 1.6 below. 

5) We may allow a = d and or P < d, but we shall say this. 

1.5 Observation. 1) The restriction in Definition 1.4(2) always gives a u-free 

(cti, /3i)-rectangle. 

2) The restriction in Definition 1.4(3) always gives a u-free {a2 — oci, P2 — (3i)- 
rectangle. 

3) If d is a u-free (ct, /?)-rectangle, then 

(e) {Mf^j : i < a) is <u-increasing continuous for j < (3 

(/) {Mfj '■ j < (3) is <u-increasing continuous for each i < a. 

4) In Definition 1.6 below, clause (d), when j<f3oTj = f3/\{(3 successor) follows 
from (b). Similarly for the pair of clauses (e),(c). 

5) Assume that ai < a2, /3i > [32 and d^ is u-free («£, /3^) -rectangle for £ = 1,2 and 
di \ (ai,/32) = d2 \ (ai,/32) and W^l ^^ n M^l^^ = M^^^^. Then we can find a 
u-free (q!2, /5i)-i'ectangle d such that d \ {a£, Pi) — d^. 

Proof. Immediate, e.g. in (5) we use clause (F) of Definition 1.2 for each a e 
[cti, a2),(3 e [(32, (3i) in a suitable induciton. Di.s 

1.6 Definition. We say that d is a u-free {a, /3)-triangle or u-non-forking (a, /3)- 
triangle when a = {ai : z < /?) is a non-decreasing^ sequence of ordinals and (letting 
a := ap): 



not unreasonable to demand a to be increasing continuous 
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(a) d = ((M^^. : i < a^.j < (3), (J,,, : i < a„ j < (3), (I,,, : i < a^,j < 

(6) {{Mfjj Mj'^j_|_j^, lij) : i < aj) is <i-increasing continuous for each j < (3 

(c) {{M:^j, M^i j, Jjj) : j < (3 and j is such that i + 1 < Q!j) is <2-increasing 
continuous for each i < a 

(d) for each j < (3 the sequence {Mij : i < aj) is <u-increasing continuous 

(e) for each e [ctj,,a),j^ < (3 the sequence (Mj^j : j e is <i^- 
increasing continuous. 

1.7 Definition/Claim. 1) For nice construction framework ui let U2 = dual(ui) 
be the unique nice construction framework U2 such that: = f^ui,-^u2 — -^ui 
(hence = Kf, etc) and (FR^% <^ J = (FR^i^, K^'^) for £ = 1,2. 

2) We call Ui self-dual when dual(ui) = Ui. 

3) In part (1), if addition if di is ui-free rectangle then there is a unique d2 = 
dual(di) which is a U2-free rectangle such that: 

«d. = Pd, , Pd, = «di , Mfj = Mfj 
lg=J^^andjg=Ij;]. 

1.8 Definition. 1) We say r is a weak u-sub-vocabulary when: 

(a) T C Tu = Tji^ except that is, in Tu, a two-place predicate such that for 
every M e hence even M e .^u^, the relation is an equivalence 
relation on Dom{=^) = {a : a =r b y b =r a ior some b G M} and is a 
congruence relation for all R-^ \ Dom(=:^^), \ Dom(=:j^) for R, F e r 
and maps^ the set Dom(=:^) into itself for any function symbol F & t. 

So 

IA) For M G -ftTu^, the model Mt"^] is defined naturally, e.g. with universe 
Dom(=:f )/ and K^, KJ^ are defined accordingly. Let Mi M2 means m\'^ ^ 

IB) Let ir{X,KD = {MM/ M e and MM has cardinality A}. 

^we may better ask less: for F G r a function symbol letting n = aTityriF), so F*^'^' is a 
function with n-place from Dom(=;^)/ to itself and is {{ao,ai, . . . ,an) ■ {do/ =^ — 

F{ai/ =^),...,an/ ^^)}, i.e. the graph of mM, so we treat F as an (arityT-(-F) + l)-place 
predicate; neither real change nor a real gain 
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IC) We say that r is a strong u-sub-vocabulary when we have clause (a) from above 
and^o 

(6) if (M, A^, I) e FR+ then for some c G I n Dom(=^) we have N ^ "^(c =^ 
d)" for every d & M 

(c) if (Ml, A^i, Ii) <i (M2, iV2, 12) and c e Ii is as in clause (b) for (Mi, iVi, Ii) 
then c e I2 is as in (b) for (M2, N2, 12)- 

2) We say that A^'i, N2 are r-isomorphic over (M^ : i < a) when: £ G {1, 2} Az < a =^ 
-^i and there is a r-isomorphism / of A'^i onto N2 over Mj which means: 

f is an isomorphism from A^|^' onto A^2^^ which is the identity on the universe of 
m|^' for each i < a. 

2A) In part (2), if ct = 1 we may write Mq instead {Mi : z < 1) and we can replace 
Mo by a set C n A^2- If a = we may omit "over M" . 

3) We say that A^i, N2 are r- incompatible extensions of (Mj : i < a) when: 

(a) Mi <u Ng for i <a,e=l,2 

(b) if Ni <u A^^ for £ = 1, 2 then N[,N2 are not r-isomorphic over (Mj : i < a). 

4) We say that A^2 ; -^1 ^^'^ r- incompatible (disjoint) amalgamations of A^i, M2 over 
Ml when {Ni n M2 = Mi and): 

(a) Ml <u iVi <u A^l and Mi <^ M2 <u for £ = 1,2 (equivalently Mi 

iVi<^iV|,Mi<uM2<uiV|) 
(6) if A^l <u N^'* for £=1,2 then (A^2 '*)[^1, (A^2 '*)M are not r-isomorphic over 

M2 U iVi, i.e. over M^^^ U n[^\ 

5) We say r is a .^-sub- vocabulary or i^T-sub- vocabulary when clause (a) of part (1) 
holds replacing by K; similarly in parts (1A),(1B). 

1.9 Observation. Concerning 1.8(1B) we may be careless in checking the last condi- 
tion, = A, i.e. < A usually suffice, because if |{MM/ ^: M e Kx, ||MM|| < X}\ < fi 
then in proving /r(A, K^u^) > // we may omit it. 

^'^note that it is important for us that the model we shall construct will be of cardinality 9+; 
this clause will ensure that the approximations will be of cardinality d for a < large enough 
and the final model (i.e. for a = 9+) will be of cardinality This is the reason for a preference 
to <i, however there is no real harm in demanding clauses (b) + (c) for i = 2, too. But see 1.9, 
i.e. if |t| < d and we get /x > 2^ pairwise non-isomorphic models of cardinality < clearly only 
few (i.e. < 2^) of them have cardinal < 9+; so this problem is not serious to begin with. 
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Remark. 1) But we give also remedies by FR^, i.e., clause (c) of 1.8(1). 

2) We also give reminders in the phrasing of the coding properties. 

3) If |t| < A and 2<^ < A the demand in 1.9 holds. 

Proof. Should be clear. Dlq 

1.10 Definition. 1) For any (< d)-a.e.c. K let be the (< d)-a.e.c. defined like K 
only adding the two- place predicate =r, demanding it to be a congruence relation, 
i.e. 

(a) t' = t{K') = t U {=r} where r = t{A) 

(b) K' = {M : M is a r'-model, =^ is a congruence relation and M/ =^ 
belongs to n and ||M|| < d} 

(c) M <si' N iS M C N and the following function is a < ^-embedding of 
M/ =f into N/ =f : f{a/ =f ) = a/ =f 

(see Definition 1.8(1)). 

lA) Similarly for ^ an a.e.c. or a A-a.e.c. 

2) This is a special case of Definition 1.8. 

3) We can interpret M e K as M' e K' just letting M' \ r = M, is equality 
on \M\. 

4) A model M' e is called =^-full when a E M' ^ \\M'\\ = \{b e M' : M' \= 
a =r b}\. 

5) A model M' e is called (A, =^)-full when a e M' ^ X < \{b e M' : M' \= 

"a =r 

6) A model M' is called ^^--fuUer when it is ^^--fuU and ||M'|| is the cardinality of 
M'/ =f. 

1.11 Claim. Assume ^ is^^ a (< d)-a.e.c. and^^ A' is from 1.10 and X < d. 

0) is a X-a.e.c. 

1) IfM', N' e K'y^ then {M' / =f) e K<x and {N'/ =f) e K<x and if in addition 
M' <^/^ N' then (up to identifying a/ with q/ =f) we have {M' / =f ) <^<^ 

[N'l =f),i.e. {M't^<^{N'i-\ 

2) If M' C A^' are r'^-models of cardinality X and =^ , =^ are congruence relation 
on M' \ Tsi,N' \ respectively, then 

■'"■'■We can use is an a.e.c. and have similar results. 

^■^now pedantically .^may be both a (< 9i)-a.e.c. and a (< 92)-a.e.c., e.g. if 02 — , Kg^ — 0, 
so really d should be given 
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(a) M'eK'^9iS{M'/=f)eK^9 

(6) M' <^,^^ N' iff {M'l ) <^,, (iVV =^'); pedantically^^ (M'/ =f 
) (^V —T ) '5'^ ?TiaA;e the natural identification 

(c) if M',N' are —r-fuUer then in clauses (a),(h) we can replace "< A" by 
"= X" 

(d) if = then in clauses (a),(h) we can replace "< A" by "= A". 

3) ^ has disjoint amalgamation if ^ has amalgamation. 

4) Kx<^K'^ and <^^=<a'J Ky,. 

5) (•^<p)' = (■^</x)"'' for any ji so we call it K'^^ and ^'^ = 

6) For every n, 

(a) i{ii,K) = \{M'/ ^: M' e K'^ is =r-fuller}\ 

(b) = {M'f =^ : M' e Kjj^ is /i-fuller} under the natural identification 

(c) = {M/ M e Kj^} under the natural identification 

(d) ifM', e Kl are /i-full then M' ^ N' ^ {M' / =f) ^ {N' / =f). 



Proof. Straight. Dlii 

1.12 Exercise : Assume M.,^' are as in 1.10. 

1) If A > |r^| and 2^ < 2^^ then /(A+, + 2^ = i{X+,^') + 2^, so if /(A+,.^) > 2^ 
or /(A+, > 2^ then they are equal. 

2) If A > \Tsi\ and 2<^ < 2^ then /(A, ^) + 2<^ = /(A+, + 2<^ (and as above). 

Remark. Most of our examples satisfies montonicity, see below. 
But not so FRi, <i in §4(C). 

1.13 Exercise : Let u be a nice construction framework, as usual. 

1) [Definition] We say u satisfies (E)£(e), monotonicity, when: 

{E)i{e) if (M, N, J) e FR^ and N N' then (M, N, J) <i (M, N, J') e FR^. 

lA) Let (E)(e) mean (E)i(e) + (E)2(e). 

2) [Claim] Assume u has monotonicity. 



■"^^or define when / is a ^-embedding of into N' 
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Assume d is a u-free {a2, /32)-rectangle, hi, h2 is an increasing continuous function 
from CKi + + 1 into 0:2 + l,/?2 + 1 respectively. Then d' is a u-free rectangle 
where we define d' by: 

(a) a{d') = ai,pid') = pi 

(b) Md; = M,d^(^^ ,^(^^ iii<ai,j<Pi 

(d) J<=Jt(i),,,,o)fori<ai,j</?i. 
3) [Claim] Phrase and prove the parallel of part (2) for u-free triangles. 

1.14 Observation. Assume u is a nice construction framework except that we omit 
clauses (D)£(e) + (E)£(d) for £ — 1,2 but satisfying Claim 1.3. We can show that 
u' is a nice construction framework where we define u' like u but, for £ = 1, 2, we 
replace FR^, <^ by FR;^, <^ defined as follows: 

(a) FR^ = {(Ml, M2, J) : (Mi, M2, J) G FR^ or Mi <„ M2 G K^g and J = 0} 

(6) {((Mi,iVi,J'),(M2,iV2,J")) : (Mi,iVi,J') <i (M2, iV2, J") or Mi <, 

Ni,3' = 0, Ml <u M2, Ni <u N2, ATi n M2 = Ml and (M2, N2, 3") G FR^ 
or Ml <u Ni <u N2, Ml <u M2 <u A^2, iVi n M2 = Mi and J' = = J"}. 

Proof. Clauses (A),(B),(C) does not change, most subclauses of (D)£(a),(b),(d),(E)^(a),(b) 
hold by the parallel for u and the choice of FR^, <^; clauses {D)i{e) and (E)^(d) 
holds by the choice of (FR^, <^); and clause (F) holds by clause (F) for u and Claim 
1.3. Lastly 

Condition (E)f(c) : 

So assume {{Mi, Ni,3i) : i < 5) he increasing continuous, where 5 is a limit 
ordinal; and let {Mg, Ns,3s) = (U{Mi :i<S}, U{N, : i < d}, U{3i -.iKS}). 

First, assume i < S ^ 3i = $ hence = and the desired conclusion holds 
trivially (by the properties of a.e.c. and our definition of u'). 

Second, assume i < 5 ^ ^ hence j :— min{i : Jj ^ 0} is well defined and 
let 5' = 5 — j, it is a limit ordinal. Now use the "u satisfies the Condition (E)^(c)" 
for the sequence {{Mj+i, Nj+i,3j+i : i < 5') and <y being transitive. 

□1.14 

* * * 

Now we define the approximations of size d; note that the notation <qt and the 
others below hint that they are quasi orders, this will be justified later in 1.19(2), 
but not concerning <^. On the existence of canonical limits see 1.19(4). 
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1.15 Definition. 1) We let Kf = Kf be the class of triples (M, J, f) such that 

(a) M — (Mq, : a < d) is <u-incr easing continuous, so Mq, e Ky, (= -P^<a) 
(6) J = (J« : a < a) 

(c) f e 

(d) (M«,M«+i, J«) e FR2 for a<d. 

IA) We call (M, J, f ) e non-trivial if for stationarily many 6 < d for some 
i <f{6) we have 3s+i ^ that is {Mg+i, Mg+i+i, Js+i) e FR^. 

IB) If ^ is a normal filter on d let = Kf^^ be the class of triples (M, J, f ) e K^^* 
such that 

(e) {5<d: f (5) = 0} e ^. 

IC) When we have (M^, J^,f^) then M^,J^ for a < 9 has the obvious meaning 
and M| or just is U{Mg : a < d} 

2) We define the two-place relation <qt=<2* on Kf as follows: (M^ J^fl) 
(M^, J^, f ^) if they are equal (and e i^u*) or for some club E oi d {b. witness) we 
have: 

(a) (M^, J^, f^) G for /c = 1, 2 

(6) 5e^^fi(5) <f2(5) 

(c) 5 e & i < i\5) M,V, <u M|+, 

(e) 5 e E & z < fi((5) =^ M|^. n y = Mj+^, disjointness. 

3) We define the two place relation <at=<u on Kf: (M\3\f^) (M^ J2,f2) 
if for some club E oi d and I (the witnesses) we have (a)-(e) as in part (2) and 

(/) I = (I« : « < a) and ((M1,M2,I„) : a G U{[6,6 + i^{S)] : S e E}) is 
<i-increasing continuous, so we may use (Iq, : a e U{[5, 5 + f^{5)] : 5 e E) 
only. 

3A) We say (M^, J^,f^), (M^, J^,f^) are equivalent when for a club of 5 < 9 we 
have fH5) = f^(5) and i < {^5) ^ M}^^ = M|+, and z < f\5) Jj+, = J^^,. 
SB) Let (M^ J^ f ^) (M^, J^, f2) mean that in part (3) in addition 

{g) for some a e U{[5,5 f(5)] : 5 e £;} the triple (M^,M2,I^) belongs to 
FR+. 
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4) We say (M^ f^) is a canonical limit of ((M", J", f") : a < 5) when : 

(a) S<d+ 

(b) a<(3<5^ (M«, J«, f«) <f (M^, J^, f^) 

(c) for some increasing continuous sequence (ctg : £ < cf(5)) of ordinals with 
limit 6 we have: 

Case 1 : d{S) < d. 

For some club E of d we have: 

(a) C e £^ ^ f'(C) = sup{f«^(C) : s < cf(5)}; 

(/?) C e ^ & C < cf(5) & z < f"«(C) implies that M^^. = U{M^^. : e < cf{S) 
satisfies £ > ^}; 

(7) C e S & ^ < d{5) & z < f«(C) implies that Jj+^ = U{J^^. : e < d{5) 
satisfies e > ^} 

(5) if C e E and j = f'5(C) > f"^(C) for every e < d{6) then M^_^. = U{M^^. : 
i < j}- 

Case 2 : cf(5) = d. 

Similarly, using diagonal unions. 

4A) We say ((M", J", f°^) : a < «(*)) is <u*-increasing continuous when it is <u*- 
increasing and for every limit ordinal 6 < a{*), the triple (M^, J"^, f^) is a canonical 
limit of ((M", J", f") : a < 5). 

5) We define the relation <qs=<S' on K^^ by: (M', J', f ) <qs (M", J", f") if there 
is a <y*-tower ((M J'*, f'*) : a < «(*)) witnessing it, meaning that is is a sequence 
such that: 

(a) the sequence is < 2^ -increasing of length «(*) + 1 < 5+ 

(6) (MO,jO,fO) = (M',J',f') 

(c) (M«(*), J«(*),f«(*)) = (M",J",f") 

(d) (M", J",f") (M"+^ J"+^f"+l) for a < a{*) 

(e) if 5 < is a limit ordinal then {M^,3^,f^) is a canonical limit of 
((M",J'*,f°^) : a < 5). 

5A) Let <qs=<u^ be defined similarly but for at least one a < a{*) we have 
(M",J",f") <f (M"+^ J"+^f"+l). 

5B) Let <qr=<S'^ be defined as in part (5) but in clause (d) we use Similarly 

for <qr=<2'^, i.e. when a{*) > 0. 

6) We say that ((M", J",f") : a < «(*)) is <u''-increasing continuous when it is 
<u^-increasing and clause (e) of part (5) holds. Similarly for <u^. 
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Some obvious properties are (see more in Observation 1.19). 

1.16 Observation. 1) (M^ J^f^) (M2,P,f2) iff for some club E oi d and 
sequence I = (Iq, : a e U{[5, 5 + f^(5)] : a e E}) we have clause (a),(b),(c) of 
Definition 1.15(2) and 

(/)' mh^ ■■ ^ < fH5)),(M|+, : ^ < f^^)), (Jj+, : ^ < f^(5)),(J^+, : i < 

fi(5)), {Is+i : i < f^^))) is a u-free {i\6), l)-rectangle 
(/)'i if 5i <52 are from E then (M,\^f,(^^),M2^fi(^^),l5^+fi(5^)) <2 (Ml^Ml^s,)- 

2) The relation <f^\ <f, and are preserved by equivalence, see Defini- 
tion 1.15(3A) (and equivalence is an equivalence relation) and so are <at, <qt5 <qs 

; ^qr- 

Proof. Straightforward. Dlig 

1.17 Remark. 1) In some of our applications it is natural to redefine the partial 
order we use on K^^ as the closure of a more demanding relation. 

2) If we demand FRi = FR^ hence we omit clause (D)i(e), (£')i((i) of Definition 
1.2, really is the same as <^. In Definition 1.15(3) we can choose Iq, = 0, 
then we get <u*. But even so we would like to be able to say "repeat §1 with the 
following modifications". If in Definition 1.15(5) clause (d) we use <^*, i.e. use 
<u'^, the difference below is small. 

3) Note that below Kg'* C K^^q and Kg'* C -ftT^ g+, see the definition below. 

4) Should we use <T or <S'' (see Definition l'.15(5A),(5B))? So far it does not 
matter. 

1.18 Definition. 1) Kg'* = {M : M = lJ{Ma : a < d} for some non-trivial 
(M, J,f) e Kf}, recalling Definition 1.15 (1 A). 

2) Kg'* = {]J{M^ : 7 < a+} : ((M^, J^, f^) : 7_< d+) is <S'-increasing_continuous 
and for unboundedly many 7 < 9+ we have (M", J",f°=) <T (M"+\ J'*+^ f'*+^) 
and as usual = U{MJ : a < d}}. 

1.19 Observation. 1) K'^^ ^ 0; moreover it has non-trivial members. 

2) The two-place relations <t and <2', <u are quasi orders and so are <qt, <qs, <qr 
but not necessarily <at, <at- 

3) Assume (M^ J^ f^) G Kf and a < d, (M^^M^, I*) e_ FRi and f ^ e 
and M2 n Ml = Ml. Then we can find M^, j2, and I = (!« : a G U{[5, f ^(5)] : 
6 e E}) such that 
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(a) (Ml, Ji,fi) <f (M2,j2,f2) as witnessed by I 

(6) if /3 G U{[5, f2(5)] : 5 G i?} then (M^, M^, P) <i (M^, M|, I^) 

(c) if(M^,M2,F) G FR+then(Mi,Ji,fi) (M^, J^, f^) moreover (M^, J^, 
(M2^P,f2). 

4) If ((M",J",f") : a < 5) is <y*-increasing continuous (i.e. we use canonical 
limits) and 5 is a limit ordinal < 9"'", then it has a canonical limit (M^,J'^,f'^) 
which is unique up to equivalence (see 1.15(3A)). Similarly for and <u'^. 

5) are non-empty and included in K^, in fact in Kg,Kg_^_, respectively. 
Also if T is a strong u-sub-vocabulary and M G Kg'* or M G Kg'* then M^'^^ 
has cardinality d or respectively. If r is a weak u-subvocabulary we get only 
< d,< respectively. 

Proof. 1) We choose Mi e = ^<q,< y-increasing continuous with i as follows. 
For z = use K^g ^ by clause (C) of Definition 1.2. For i limit note that 
{Mj : j < i) is <j^-increasing continuous and j < i ^ Mj G .^u hence j < 
i ^ < d but i < d and d is regular (by Definition 1.2, clause (B)) so 

Mi := U{M-, : i < i} has cardinality < d hence (by clause (C) of Definition 1.2) 
Mi G i^u and j <i^ Mj Mi. For i = j + 1 by clause {D)2{d) of Definition 1.2 
there are Mijj such that (M^,Mj, J^) G FR^. Choose f G ^9, e.g., f(a) = 1. 
Now {{Mi :i < d),{3i:i < d), f) G 

is as required; moreover is non-trivial, see 

Definition 1.15(1A). 

2) We first deal with <f. 

Trivially (M, J,f) <t (M, J,f) for (M, J, f ) G i^^*. 
[Why? It is witnessed hy E ^ d (as (Mi,Mi,0) G FRi by clause (i:')i(e) of 
Definition 1.2 and i < j < d ^ {Mi,Mi,^) <i (Mj,Mj-,0) by clause {E)i{d) of 
Definition 1.2.] 

So assume (M^ f) (M^+^ J^+^ f^) and let it be witnessed by for £ = 1, 2. 

Let £^ = £^1 n £^2, it is a club of d. For every 5 ^ E hy clause (b) of Definition 
1.15(2) we have {^{5) < {^{5) < {^{5) hence f^5) < P{5) and for i < f^S) by 
clause (c) of Definition 1.15(2), clearly M^i^g^j^- M^i^g^j^- Af^ij.^^_|_^ so as 

is a (< 9)-a.c.e. we have M^_^^ M|_|_^. Similarly as is a quasi order by clause 
(E)2(a) of Definition 1.2 we have 5 eE & i < f\6) ^ (Mj^^, Mj^^^i, Ji^.) <l 
(M|^.,M|^.^i, Jf^.) so clause (d) of Definition 1.15(2) holds. 

Also if S e E and i < f^S) then M|^. n (U{M^ : 7 < a}) = Mj^. and 
M|+, n (U{M2 : 7 < a}) = M|+, hence M|+, n (U{M^ : 7 < 5}) = Mj^,, i.e. 
clause (e) there holds and clause (a) is trivial. 

Together really (M^, Ji,fi) <f (M^J^.f^). 
So <u* is actually a quasi order. As for and <u^, this follows by the result on 
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<u and the definitions. Similarly for <u , <u^, <u'^. 

3) By induction on /? e [a,d) we choose (^^,M|,I/3) and (but is chosen in 
the (/? + l)-th step) such that 

(a) M| e is <u-increasing continuous 

(b) gp is a <u-embedding of into M|, increasing and continuous with j3 

(c) ((/^(M^), M|, I^) G FR" is <J-increasing and continuous 

{d) if/3 = 7 + 1 then {g,{M}^),gp{Ml),gp{il)) <l (M2,M|,J2). 

For (3 = a\et gp = id^i , Af| as given, 1/3 = 1*, so by the assumptions all is O.K. 
For (3 limit use clause (E)i(c) of Definition 1.2. 

For /9 = 7 + 1 use clause (F) of Definition 1.2. Having carried the induction, by 
renaming without loss of generality gp = id^i for (3 < d. So clearly we are done. 

4) , 5) Easy, too. Di.ig 

1.20 Definition. 1) Kf = K°t% is defined as in Definition 1.15(1) above but 
a = Dom(f) = ig{3) = ig{M) - 1, where a<d. 

2) Kf^ = Kf^<a, = ^T,<a ^^e defined similarly. 

* * * 

1.21 Discussion : 1) Central here in Chapter VII are "r-coding properties" meaning 
that they will help us in building M G Kq^ , moreover in K^'* (or Kg!^ , see below) 
such that we can code some subset of by the isomorphism type of M^'^^; that 
is during the construction, choosing (M", J°',f") G K^^ which are <u^-increasing 
with q; < 5+, we shall have enough free decisions. This means that, arriving to the 
a-th triple we have continuations which are incompatible in some sense. This will 
be done in §2, §3. 

2) The following definition will help phrase coding properties which holds just for 
"almost all" triples from K^^. Note that in the weak version of coding we have to 
preserve f{6) = for enough 5's. 

3) In the applications we have in mind, d — A"*", the set of (M, J,f) G K^^ for 
which Mx+ = U{Mj : z < A+} is saturated above A, is dense enough which for our 
purpose means that for almost every (M, J, f) this holds. 

4) Central in our proof will be having "for almost all (M, J, f ) G K^^ in some sense, 
satisfies The first version (almosts, in 1.22(0)), is related to Definition 1.24. 

5) The version of Definition 1.22 we shall use mostly in 1.22(3C), "almost2...", 
which means that for some stationary S C d, we demand the sequences to "strictly 
<S-obey 5"; and from Definition 1.24 is 1.24(7), "{0, 2}-almost". 
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1.22 Definition. 0) We say that "almostg every (M, J, f) G K^^ satisfies Pr" when 
there is a function 1^ witnessing it which means: 

(*)i {M\j^,i^) satisfies Pr when: the sequence x = ((M", J",f") : a < S) is 
<2^-increasing continuous {6 < a hmit ordinal, of course) and obeys f) 
which means that for some unbounded subset u of S for every a & u the 
sequence x does obeys or 3-obeys I) which means (M'^+-'^, 5'*+-'^, f"+^) = 
^((M",J",f") (and for notational simphcity the universes of Mq,Mq~^^ 
are sets of ordinals^^); we may write obeys instead 3-obeys when this is 
clear from the context; also below 

(*)2 above f"(?) = ^ f"+i(i) = for a club of i < d and {i : f"(i) > 0} is 

stationary for every a < S 

{*)s f) has the domain and range implicit in + (*)2 

(*)4 we shall restrict ourselves to a case where each of the models above 
have universe C d^, (or just be a set of ordinals) thus avoiding the problem 
of global choice; similarly below (e.g. in part (3)). 

1) We say that the _pair ((M\ J\ f i), (M^ J^, f^)) does 5'-obey or 5'-obeysi the 
function g (or (M^, J^, f^) does S'-obeys or S'-obeysi q above (M^, J, f ^)), when for 
some i and E we have 

(a) S is a stationary subset of d and is a club of d 

(b) (Ml, Ji, f 1) (M^ J2, f 2) as witnessed by E and I 

(c) for stationarily many S & S 

© the triple (M^ \ (5 + f2(5) + 1), j2 \ {d + P{6)),l \ {6 +_P (6)) + llis 
equal to, (in particular^^ g is well defined in this case) g{M^,3^,f^, \ 
(S + f\d) + 1), 3^\{S + f\S), l\iS + f\S) + 1), S) 
or at least 

O' for some 71 < 72 from the interval [f ^(5), f2((5)], the triple (M^ \ 
(72+l),J2 ^72,1 f(72+l))isequalto0(M\jSfSM2 f (7i+l)),j2 ^ 

71,1 K7i + 1),^)- 



^^we may alternatively restrict yourself to models with universe C 9+ or use a universal choice 
function. Also if we use ()((M/3,J/3,f/3) : p < a)) the difference is minor: make the statement 
a little cumbersome and the checking a little easier. Presently we do not distinguish the two 
versions. 

^^alternatively we can demand (as in §9, §10) that: the universe of Mq and of M| is an ordinal 

< d+ 
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lA) Saying "strictly 5'-obeysi" mean that in clause (l)(c) we replace "stationarily 
many 5 e S" by "every 5 E E f] S (we can add the "strictly" in other places, too). 
Omitting S means for some stationary 5 C 9; we may assume g codes S and in this 
case we write S = Sg and can omit 5". In the end of clause (l)(c), if the resulting 
value does not depend on some of the objects written as arguments we may omit 
them. We may use g = {gs ■ S C d stationary) and obeying g means obeying gs 
for some S (where g = gs ^ = S). 

2) A <2^-increasing continuous sequence ((M'*, J'*, f") : a < 5) obeysi or 1-obeys 
g when 5 is a limit ordinal < and for some unbounded u C S there is a sequence 
{Set : a e U {d}) of stationary subsets of d decreasing modulo such that for 
each aeu, the pair ((M°^, J", f"), (M"+i, J°+i, f"+i)) strictly ^^-obeys g. 

2 A) In part (2) we say S'-obeysi when Sa Q S mod for a e w U {5}. Similarly 
for ^'-obeyi when S' = {S'^ : a e u') and a e u\J {5} ^ Q and ttU {5} C u' . 
2B) In part (2) we say strictly S-obeysi when this holds in each case. 

3) We say "almosti every (M, J, f ) e K"^ satisfies Pr" when there is a function g 
witnessing it, which means (note: the use of "obey" guarantees g is as in part (2) 
and not as implicitly required on 1^ in part (0)): 

(c) if ((M**, J", f") : a < 5) is <u^-increasing continuous obeying g and 8 < 
a limit ordinal then (M*^, J*^, f^) satisfies the property Pr. 

3A) We add "above (M, J, f')" when we demand in clause (c) that (M^, J^, f°) = 
(M',J',f'). 

SB) We replace^^ almosti by S'-almost2 when we require that the sequence "strictly 
/S-obeys g" . 

3C) We replace^^ almosti by almost2 when for every stationary S C 5, S'-almosti 
every triple (M, J,f) e K^^ satisfies Pr; and "5'-almost2" we ?. 

1.23 Definition. 1) For I) as^^ in Definition 1.22(0) we define Kl'$ as the class of 
models M such that for some <y^-increasing continuous sequence x = ((M", J", f ") : 
a < d^) oi members of K'^ such that a club of 5 < x f (5 + 1) obeys f) is the 
sense of part (0) of Definition 1.22 respectively, we have M = \j{Mg : a < 5+}. 

2) For g as in Definition 1.22(1), (2) we define Kgf similarly. 

3) We call f) as in 1.22(0) appropriates or 3-appropriate and g as in Definition 
1.22(1), (2) we call appropriate^ or ^-appropriate for £=1,2; we may add "u-"if not 
clear from the context. 

-^^again assume that all elements are ordinals < 9+ 

we replaced it by "for a set of 5's which belongs to , ^ a normal filter on d, the 
difference is minor. 

^*we shall assume that no f) is both as required in Definition 1.22 and as required in Definition 
1.23(0). 
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4) As in parts (1),(2) for f) as in (any relevant part of) Definition 1.24 below. 

5) Also Kg'f = n{Kg!^' : e < £g{i))} where each Kg'^' is well defined. 

1.24 Definition. 1) We say ((M'», J'', f^) : a < a*) does obeyo (or 0-obey) the 
function f) in C when ^ + 1 < a* and (if a* = 2 we can omit Q: 

(a) (M^, J^,f^) e is <u*-increasing continuous (with s) 
{b) m| and even M^+^ has universe an ordinal < 5+ 

(c) there is a club E of d and sequence (Iq : a < d) witnessing (M^, J^, f ^) <^ 
{MC+\3C+\3,fC+^) such that (M^i„(^), M^+^(^),I^i„(^)) = ^(((M^ J^f^ : 

e < 0) e FR+. 

2) We say that i) is u-appropriateo or u — 0- appropriate when: f) has domain and 
range as required in part (1), particularly clause (c). We may say 0-appropriate or 
appropriateo when u is clear from the context and we say "(M^, . . . ), (M'^'^^, . . . ) 
does 0-obeys f)". 

2A) We say the function i) is u-l-appropriate when its domain and range are as 
required in Definition 1.22(3); in this case ^t, = S. 

2B) We say the function f) is u-2-appropriate for S when S C. d is stationary and 
its domain and range are as required in Definition 1.22(3B), i.e. 1.22(3). 
2C) If in (2B) we omit S this means that ^ = (f)s : S C d is stationary), each i)s 
as above. 

3) For 0-appropriate i) we define A^'} to be the family of models M, with uni- 
verse d'^ for simplicity, as the set of models of the form U{M^_,_ : ( < 9+} where 
((M'', J^,f^) : ( < d'^) is <qt -increasing continuous and 0-obeys i) in ( for un- 
boundedly many ( < d^. Similarly for the other {), see below. 

4) We say f) is u — {0, 2}-appropriate or u-appropriate for {0, 2} if [) = [)o U f)2 and 
i)i is ^-appropriate for £ = 0, 2; we may omit f) when clear from the context. 

5) For a {0, l}-appropriate i) letting l)o, i)i be as above we say ((M", J",f") : a < 
a{*)) does {0, l}-obeys i) in ( < «(*) when {{M^,3^,f^),{M^+\3^+^,f'^)) does 
£-obey i)e for £ = 0,2. We say strictly {0, 2} — .S-obeys t) in ( when for stationary 
S C d, for unboundedly many ( < a{*) the pair 0-obeys i)Q and strictly 1 — ^-obeys 
f)i- 

6) For a {0, 2}-appropriate I), we say ((M, J",f") : a < 6 < d^) does {0, 2}-obey 
f) when this holds for some stationary 5 C 5 for unboundedly many C < <^ the se- 
quence strictly {0, 1} — /S-obey f). Similarly we define "the sequence {0, 2} — S'-obeys 
f)". 

7) "{0, 2}-almost every (M, J, f) (or every (M, J, f) above (M*, J*, f*))" is defined 
similarly to Definition 1.22. 
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1.25 Observation. 1) For any s* < and sequence (f)^ : e < e*) of 3-appropriate 
f), there is an 3-appropriate \) such that C r\{K^'^'' : s < e*} and similarly for 
<2^-increasing sequences of K^^ length < 5+. 

2) K-g'} C K-g': for any 3-appropriate function i). 

3) Similarly to parts (l) + (2) for g as in Definition 1.22(2). 

4) Similarly to parts (1) + (2) for {0, 2}-appropriate f), see Definition 1.24(4), (5), (6). 

1.26 Remark. 1) Concerning 1.25, if in Definition 1.22(l)(c) we do not allow 
then we better^^ in 1.22(2) add 5" = {S^ : e < d) such that: C d is stationary, 
£<(;<A^5'Tl5'^ = and e < d A a e u U {5} ^ n is stationary. 

2) A priori "almosta" look the most natural, but we shall use as our main case 
"{0, 2}-almost". We try to explain below. 

3) Note that 

(a) in the proof of e.g. 10.10 we use not K^^, i.e. carry F; this does not 
allow us the freedom which "almosts" require 

(6) model theoretically here usually there is a special model in Kg, normally 
the superlimit or saturated one, and we try to take care building the tree 
((M^, J^,f^, (F^)) : ri e ^>(2^)) that, e.g. rj e ^(2^) A d\^ is satu- 

rated. 

In the 'almosts" case this looks straight; in successor of successor cases we can take 
care. 

4) We like to guarantee that for "almost" all (M'?, J'?,f'?) the model G Kg'* 
is saturated so that we have essentially one case. If we allow in the "almost" , for, 
e.g. 7 + 2, to choose some initial segment in (M^, J'', f ) for ry of length 7 + 1, this 
guarantees saturation of if cf{£g{r])) = d, but 

(c) set theoretically we do not know that 5*1^ = {5 < : cf(5) = d} is not in 
the relevant ideal (in fact, even under GCH, <C>c8+ may fail) 

{d) if Kq is categorical, there is no problem. However, if we know less, e.g. that 
there is a superlimit one, or approximation, using the almost2, in 7 = 7' + 2, 
we can guarantee that for rj e '''(2^) is up to isomorphism the superlimit 
one 

(e) we may conclude that it is better to work with rather than K^^, see 
Definition 10.3(1). This is true from the point of view of the construction 
but it is model theoretically less natural. 



in the cases we would like to apply 1.25 there is no additional price for this. 
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5) We may in Definition 1.24 demand on ((M'*, J",f") : a < 6^) satisfies several 
f)'s of different kinds say of {0, 2} and of 3; make fittle difference. 

6) In the usual application here for u = uf for some g, if {{M"", J"', f") : a < 5) \s 
<f -increasing contimious and 5 = u,u:= {a < 5 : ((M", J",f"), (M"+\ J°+\ f°i)) 
does strictly ^-obey g}, then M| is saturated. But without this extra knowledge, 
the fact that for a e tt we may have disjoint to other may be hurdle. But using 
"strictly obeyi" seems more general and the definition of "almost2" fits this feeling. 

§2 Coding properties and non-structure 

We now come to the definition of the properties we shall use as sufficient condi- 
tions for non-structure starting with Definition 2.2; in this section and §3 we shall 
define also some relatives needed for sharper results, those properties have parallel 
cases as in Definition 2.2. 

2.1 Hypothesis. We assume u be a nice construction framework and, r a weak 
u-sub- vocabulary, see Definition 1.8(1). 

Remark. The default value is Ty = r{^y) or better the pair (r, Tu) such that Tu = r', 
as in Definition 1.8(1) and 2. 8(1), (2); see also u has faked equality, see 3.17 later. 

Among the variants of weak r-coding in Definition 2.2 the one we shall use most 
is 2.2(5), "u has the weak r-codingi above (M*, J*, f*)". 

2.2 Definition. 1) We say that M e has the weak r-codingo-property (in u) 
when : 

{A) if iV, I are such that (M, A^, I) e FR]^ then (M, A^, I) has the weak r-codingo 
property, 
where: 

[B) (M, A^, I) has the weak r-codingo property when we can find (M*, A^, I^) e 
FRi for £ = 1, 2 satisfying 

(a) (M, AT, I) <i (M„ AT^, I^) for £ = 1, 2 

(b) M^nN (follows) 

(c) A^i,A^2 are r-incompatible amalgamations of M^,N over M in K^, 
(see Definition 1.8(4)). 

1 A) We say that (M, A^, I) e FR^ has the true weak r-codingo when: if (M, A^, I) <i 
(M', A^', I) then (M', A^', I') has the weak r-codingo property, i.e. satisfies the re- 
quirement in clause (B) of part (1). 
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IB) u has the exphcit weak r-codingo property when every (M, I) G FR+ has 
the weak r-coding property. 

2) (M*, J*, f *) G has the weak r-codingo property when: for a club of 5 < d, 
not only M = Mg has the true weak r-codingo-property but in clause (B) of part 
(1) above we demand <„ M* for any 7 < 9 large enough. 

3) We say that (M, J, f ) G K^^ has the weak r-codingi property when: (we may 
omit the superscript 1): recalling Mg = U{Mq, : a < d}, there are a{0) < d and 
No, lo such that (Mc,(o), iVo, lo) e FRi, NqOMq = Mq,(o) and for a club of a{l) < d, 
if (M^(o),iVo,Ii) <i (^a(i),^i,Ii) satisfies Ni n Mg = M«(i) then there are 
a{2) G (a(l),a) and iV|,l| for i = 1,2 such that (M^(i), iVi, Ii) <i (M^(2), iV|, I2) 
for £ — 1,2 and N2, are r-incompatible amalgamations of M^^q,)-, over Mq,(i) 
recalling Definition 1.8(4). 

4) We say that (M, J, f ) has the -S-weak r-codingi property when: 5 is a stationary 
subset of d and for some club E of d the demand in (3) holds restricting ourselves 
to a(l) eSnE. 

5) We say that u has the weak r-codingfc property when: {0, 2}-almost every 
(M, J,f) G K'^ has the weak r-codingfe property; omitting k means k = 1. Simi- 
larly for "above (M, J,f) G Kf'\ Similarly for "5-weak". 

The following theorem uses a weak model theoretic assumption, but the price is 
a very weak but still undesirable, additional set theoretic assumption (i.e. clause 
(c)), recaU that /iunif(5+, 2^) is defined in 0.4(7), see 9.4. 

2.3 Theorem. We have Ir{d~^, — A*umf((^"'~, 2^), moreover for any u-0- appropriate 

[) (see Definition 1.24) c-i^d even {0, 2} -appropriate f) (see Definition 1.24(3), (7) and 
Definition 1.23) we have i{Kg'^) > //unif(^''', 2^), when : 

(a) 2^ = 2<9 < 2^ 

(b) 2^ < 2^^ 

(c) the ideal WDmld{d) is not d'^ -saturated 

(d) u has the weak r-coding (or just the S-weak r-coding property above some 
triple (M,J,f) G with WDmld(a) \ S not d+ -saturated and S C 



Proof. This is proved in 10.10. □2.3 

^°the difference between codingo and codingi may seem negligible but it is crucial, e.g. in 4.1 
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2.4 Remark. 1) Theorem 2.3 is used in 4.1, 4.3(1), 4.20, 4.16 and 4.28, for 4.3(2) we 
use the variant 2.5. We could use Theorem 2.7 befow to get a somewhat stronger 
result. 

In other words, e.g. it is used for "the minimal types are not dense in y{M) for 
M e .^a" for suitable see 4.1 (and Chapter VI or the older [Sh 576], [Sh 603]). 

2) We may think that here at a minor set theoretic price (clause (c)), we get the 
strongest model theoretic version. 

3) We can in 2.3 replace f) by ^, a sequence of {0, 2}-appropriate f)'s of length < 5+. 

4) In part (3), we can fix a stationary S C d such that WDmId(9) + S' is not d'^- 
saturated (so d is not in it) and restrict ourselves to strict ^-obeying. 

5) We can replace assumption (d) of 2.3 by 

(d)' for some ^ 

(i) ^ is a normal filter on d disjoint to WDmId(9); moreover (V^l e 

^){3B)[B CAA d\B eDABe (WDmId(a))+] 

(n) almost2 every (M, J, f ) G K'^ has the weak r-coding property (even 
just above some member of K^). 

A variant is 

2.5 Claim. In Theorem 2.3 we can weaken the assumption to 'Sx has a weak r- 
coding2 see below. 



Proof. As in 10.10. 02.5 

2.6 Definition. 1) We say that u has the iS'-weak T-coding2 property (or the S- 
weak game r-coding property) [above (M*, J*, f*) e K^] when {0, 2}-almost every 
(M, J, f) e Kf [above (M*, J*, f*)] has it. 

2) We say (M, J, f) G -ftTu* has the S'-weak game T-coding2 property or 5'-weak 
T-coding2 property for a stationary set S C. d (omitting S means for every such 
S) when, recalling Mq = U{Mq, : a < d}, in the following game Du,s{M, J, f), the 
Coder player has a winning strategy where: 

(*)i a play of Du,s last d moves after the £-th move a tuple («£, Cg, iV^, J^, f^, P) 
is chosen such that: 

(a) as < d is increasing continuous 

(6) Cg is a closed subset of ctg such that C < £ =^ o:^ G e A = fl o:^ 
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(c) P is a function with domain such that a+i^{a) < min(e£U{Q;e}\Q;) 
and > f(a) 

(d) Ue = U{[q;, a + : a G e^} U {a^} and uj = U{[a, a + f^{a))) : 
a e Ce} 

(e) = {Na : a e Ue) and = (Jq : a e tt^) and P = (Iq : a e Me) 
(/) ((Ma, Na, la) : a e ^e) is <i-increasing 

(g) N^nMd = M^foT aeue 

(h) 3- = {3t,:aeuj) 

(z) (Ma, Ma+i, Ja) <^ (A^a, J^) for a E Uj 

(j) the coder chooses (ccg, Cg, iV^, J^, P, f^) if e = or e = C + 1, C a limit 
ordinal ^ -S, and otherwise the anti-coder chooses 

(*)2 in the end the Coder wins the play when for a club of £ < 9, if £ G 5", then 
the triple (Ma^, N^, Ig) has the weak r-codingo property, i.e. satisfies clause 
(B) of Definition 2.2(1), moreover such that M <^ Mg. 

We can also get "no universal" over Mq G Kg (suitable for applying 9.2). 

2.7 Claim. // (M, J,f) G K^\ M = U{Ma : a < d} and M ^<^_Ne G %^ for 
e < e* < n+ then there is (M',J',f) saiisfying (M, J,f) (M',J',f') such that 
Mq — U{Ma : q: < 9} G Kg cannot he <^[ii^- embedded into Ng for e < d over Mg 
provided that : 

(a),(h),(d) as in 2.3 

(e) '^2 is not the union of coy {jj,,d~^,d~^, 2) sets from 
WDmTId(a,2<^). 

Proof. As in the proof of 10.10, anyhow not used. 02.7 

2.8 Exercise : 1) [Definition] Call u a semi-nice construction framework when in 
Definition 1.2 we omit clause (D)£(d) and the disjointness demands (E)^(b)(/3) 

2) For u as above we define u' as follows: 

(a) Ku' is as in Definition 1.10(1) 

(b) FR^, = {{M,N,3) : M <^/^ N so both of cardinality < 9 and J C N\M 
and letting M* = M/ =r,N* = N/ =^ and J* = {c/ =f: c G J and 
(c/ =^) ^ M/ =r} we have (M*,iV*, J*) G FR^} 

pedantically —r means (even M/ 
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(c) (Mi,iVi,Ji) (M2,iV2,Ji) iff Ml M2 <u' iV2,Mi <u' iVi <u' 
A^2,Ji C J2,M2nAri = Ml and (Mi*,iV*,Ji) <^ (M2*, iV2*, J*) when we 
define them as in clause (b). 

3) (Claim) If u is a semi-nice construction framework then u' is a nice construction 
framework. 

4) [Definition] For u a scmi-nicc construction framework we define u" as in part (2) 
except that in clause (b) wc demand cGJAaGM^A^|=-i(a c). 

5) [Claim] If u is a nice, [scmi-nicc], [semi-nice satisfying (D)(d)] construction frame- 
work then u" is a nice, [semi- nice] , [nice] construction framework. 

Discussion : We now phrase further properties which are enough for the desired 
conclusions under weaker set theoretic conditions. The main case is vertical coding 
(part (4) but it relies on part (1) in Definition 2.9). On additional such properties, 
see later. 

In the "vertical coding" version (see Definition 2.9 below), we strengthen the 
"density of r-incompatibility" such that during the proof we do not need to preserve 
"f~^{0} is large" even allowing f~^{0} = 0. 

We may say that "vertically" means that given (Mi,Ji,fi) G Kf building 
M^, J^,I^ by induction on cu < 9, arriving to some limit 5, we are committed to 
M^_,_j for i < f^(5), but still like to have freedom in determining the type of M| 
over U{M^ : (3 < d} (see more in the proof of Theorem 8.6 and Definition 8.7 
on delayed uniqueness, which express failure of this freedom). In other words the 
property we have is a delayed version of the weak coding. 
As usual, always u is a nice construction framework. 

2.9 Definition. 1) We say that (M^ J^) = ((M/ : i < (3), {J} : i < P)) has the 
vertical r-codingo property (in u) when: 

(A) (a) (3<d 

(6)1 Ml is <y-increasing continuous for i < P 
(c)i (Mi,M^i,ji) G FR2 for i<f3 

(B) if {{Mf : i < (3), (Jf : i < P), {h : i < P)) satisfies ®i below, then we can 
find 7£, Ml, li and Mf (for i G (/3, 7^]) and (for ^ ^ [P, 7^)), for £ = 1,2 
satisfying ®2 below where, letting M^^'^ = Mf for i < P and jf'^ — J| for 
i < P, we have: 

®i (d) Mf {i < P) is <u-increasing continuous 

(e) MfnMl^Ml 

(/) {{Ml, Ml,li) : i < P) is <y-increasing continuous and 



32 



SAHARON SHELAH 



(M/,M2,I,)e FR+ 

(^7) {Ml, Ml+„ 3}) <l {Ml M^i, Jf ) e FR2 iov i < (3 

{h) (Mi,M2,Io) = (M,iV,I) 

®2 M^^^,M^^^ are r- incompatible amalgamation of MI,Mq over Mq in 
and for £ = 1, 2 we have 

®2,^ (a)' (3<^i<d 

ib)[ Ml<uMl 

(c); (Mf Mf;^^, J?'^) G FR2 for i < 7, 

{d)' M^ ' (for z < 7^) is <u-incr easing continuous 

(/)' (Mj,M|,I^)<i(Mi,M2/,I^J. 



IA) We say that (M, A^, I) has the vertical r-codingo property when: if (M^, J^) = 
{{Ml :i< (3), (J| :i<f3)) satisfies clause (A) of part (1) and ((Mf :i</3), {Jf : 
i < : i < P)) satisfies ®i of clause (B) of part (1) and (M(}, M,f , Iq) = 
(M, A^, I) then we can find objects satisfying ®2 of clause (B) of part (1). 

IB) We say that (M, N, I) has the true vertical r-codingo property when it belongs 
to FR^ and every {M',N',3') satisfying {M,N,I) <i {M',N',I') has the vertical 
r-codingo property. 

IC) We say that u has the explicit vertical r-codingo property when for every M 
for some A^, I the triple (M, A^, I) G FR^ has the true vertical r-codingo property. 

2) (M*, J*, f*) G has the vertical r-codingo property when for a club of S < d, 
the pair {M^,3^) = ((M|^. : i < f*{S)), (J|+i : i < f*{S))) satisfies part (1) even 
demanding M^ <^ Mg. 

3) We say that (M, J, f) G K^^ has the vertical r-codingi property when (we may 
omit the subscript 1) we can find a{0) < d and (Mc^(o)5 1*) ^ FKi satisfying 
N^nMd ^ Mc,(o) such that: for a club of 6 < d the pair (M^ J^) = {{Ms+i : i < 
f(5)), {Js+i : i < f(5))) satisfies part (1) when in clause (B) where we 

{i) restrict ourselves to the case (Mq,(o)) I*) (-^0 > lo) 
{a) demand that M} <j^[u] Mq. 

4) We say that (M, J, f ) G K^^ has the 5- vertical r-codingi property when: 5' is a 
stationary subset of d and for club E of d the requirement in part (3) holds when 
we restrict ourselves to 5 E S r\ E. 

4 A) We say that (M, J, f ) G has the S'- vertical r-coding2 property as in Defi- 
nition 2.6. 
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5) For A; = 0, 1, 2 we say u has the vertical r-codingfe property when {0, 2}-almost 
every (M, J,f) e K^^ has it. If A; = 1 we may omit it. Similarly adding "above 
(M*, J*,f*)" and/or S'-vertical, for stationary S Cd. 



The following observation is easy but very useful. 

2.10 Observation. 1) Assume that some {M,N,I) e FR^ has the true vertical r- 
codingo property (from Definition 2.9(1B)). If (M_, J J) G K°^^ and Mg := U{Ma : 
a < d} is saturated (above A, for A = then (M, J, f ) has the vertical r-coding 
property. See 2.9(2),2.9(2A) used in 4.14(5). 

2) If (M, J, f ) has the vertical r-codingo property then it has the vertical r-codingi 
property. 

3) Similarly (to part (2)) for weak r-coding. 

4) Recalling has amalgamation (by claim 1.3(1)) 

(a) if M e^u=^ \y^{M)\ < d then there is a saturated M e 

(b) if every M e Kg'* is saturated and every (M, A^, I) G FR^ has weak r- 
codingo, then every (M, J, f) e K^^ has weak r-coding 

(c) similarly for vertical r-coding 

(d) similarly replacing "every M e -ftTg'*" by "Mg is saturated for {0, 2}-almost 
every (M,J,f) G K^^" [or just above (M*,J*,f*) e K^\] 



Proof. Should be clear. □2.8 

2.11 Theorem. We have /r(a+, K^+) > //umf(9+, 2^); moreover i {Kg'}) > i^nnii{d+ , 2^) 
for any {0,2} -appropriate i) (see Definitions 1.24(2), (7), 1.23) when : 

(a) 2^ = 2<^ < 2^ 
(6) 2^ < 2^+ 

(c) u /ias t/ie vertical r-codingi property (or at least u has the S-vertical r- 
coding-r property above some triple from K^^ for stationary S e (WDmId(9))"'" 
(recall T is a weak u-sub-vocabulary, of course, by 2.1)). 



Remark. Theorem 2.11 is used in 4.10 and in 8.6. 



Proof. Proved in 10.12. 



□2.11 
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* * * 

2.12 Discussion : 1) In a sense the following property "horizontal r-coding" is dual 
to the previous one "vertical r-coding" , it is "horizontal" , i.e. in the ^"'"-direction. 
This wiU result in building (M'', J^,f'') for ry e ^^>(2<^) such that letting = 

U{Mg^" : a < d~^} we have r] ^ u E ^^(2^) =^ Mq^Mq are not isomorphic over 
Mq^ , so the set theory is simpler. 

2) Note that in 2.13(4) below we could ask less than "for a club", e.g. having 
a winning strategy is the natural game; similarly in other definitions of coding 
properties, as in Exercise 2.5. 

2.13 Definition. 1) We say that (Mq, Mi, J2) G FR2 has the horizontal r-codingo 
property when: if ®i holds then we can find N+'\ li, Jl for £=1,2 such that ®2 
holds when: 

®i (a) Mo <u No <u Ni, Mo <u Mi iVi 

(b) (Mo, Ml, J2) <l {No, Ni, J3) so both are from FR2 

(c) {No, N+,14) e FR+ and N+ f] m = No 

®2 («) {No,N+,U)<l{N,,N+'',li) 
{P) {No,N,,3s)<l{N+,N+'\ji) 

(7) N^'^, N^''^ are r-incompatible amalgamations of Mi, A^q*" over 
Mo in 

2) We say that (M, J, f ) e K^^ has the S'-horizontal r-codingo property when S is 
a stationary subset of d and for a club of S & S, the triple {Mg, Ms+i,3s) has it 
and f(5) > 0. If S = d we may omit it. 

3) We say that (M, J,f) e K^^ has the horizontal r-codingi property when (we 
may omit the 1): 

® for {0, 2}-almost every (M', J', f ) G satisfying (M, J, f ) <T {M' , J', f ) 
we can find a < a and N, I* satisfying (M^, TV, I*) g FR^ and N D = 
M^ such that 

□ for a club of 5 < 9 if {M^,N,r) <i {M^,N',I') G FR+ and N' f] 
Mg = M^, then the conclusion in 2.13(1) above holds with M^i^i^^), M^'j-^ 

Ms, M^, N', r, Js, J's here standing for Mo, Nq, Mi,Ni, N+ , I4, J2, J3 
there. 
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4) We replace codingi by coding2 when in □ we use the game version, as in 2.6. 

5) We say u has the horizontal r-coding/- property when some (M, J, f ) e K^^ has 
it. 

2.14 Claim. The codingo implies the codingi versions in Definition 2.13 for (M, J, f) e 
in Definition 2.13(4) and for u in Definition 2.13(5). 



Proof. Should be clear. □ 



2.14 



2.15 Theorem. We have ir{d+,K^+) > 2^^; moreover I {K^'^) > 2^^ for any 
{0,2} -appropriate f) (see Definition 1.24(4)^(5), (6)), when: 

(a) 2^ = 2<9 < 2^ 

(b) 29 < 2^+ 

(c) the ideal WDmld{d) is not d'^ -saturated 

(d) u has the horizontal r-coding property (or just the S-horizontal r-coding2 
property for some stationary S C. d). 



2.16 Remark. 1) Actually not used here. 

2) What does this add compared to 2.3? getting > 2^^ rather than > //unif (c?'*', 2^). 



Proof. Proved in 10.13. □2.15 

§3 Invariant codings 



The major notion of this section is (variants of) uq-invariant coding proper- 
ties. In our context, the point of coding properties is in esssence that their failure 
gives that there are many of uniqueness triples, (M, A^, J) ones, i.e. svich that: if 
(M,iV,I) <i (M',iV^,r') for £ = 1,2 then A{, A^ are compatible over A U M' . 
For uq-invariant we ask for less: if (M, A, I) < (M', A', I') and d is a u-free (^, 0)- 
rectanle with (M^o,M^(^^ q) = (M,M'), then we can "lift" d", i.e. find a u-free 

+ 1, l)-rectangle d+ such that d+ \ (C, 0) = d, {M^q, M^^^, IJq) = (M, A, I) and 
A'<uM|Vii. 

So we look at the simplest version, the weak ^-uq-invariant coding. Definition 
3.2, we can consider a "candidate" (M, A, I) G FR^ and challenge d (so Mqq = M) 
and looks for a pair of amalgamation which are incompatile in a specific way, but 
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unlike in §2, they are not symmetric. One is really not an amalgamation but a 
family of those exhibiting d is "liftable" , and "promise to continue to do so in the 
future", in the S^-direction. The real one just has to contradict it. 

Another feature is that instead of considering isomorphisms over -^^(d) o ^ 
we consider isomorphisms over -^^(d) o ^^^^ some remnants of preserving N; more 
specifically we consider two u-free rectangles Oi, ^2 which continues the construction 
in those two ways and demands M^^^^^ is mapped onto M^^^^^^y 

There are more complicating factors: we have for a candidate (M, N, I) , for every 
M', M <u M' to find a u-free (C, 0)-rectangle d with M' = M^q such that it wiU 
serve against (M' , N' ,1') whenever {M,N,T) <i (M', iV',I'), rather than choosing 
d after (A^', I') is chosen, i.e. this stronger version is needed. The case ^ < d should 
be clear but still we allow — d, however then given {N' , I') we take d \ , 0) for 
some < 

We can use only Definition 3.2, Claim 3.3, and Conclusion 3.5, for which "2^ = 
2<d < 2^ < 2^^+ the extra Wdmld(a) is not a+-saturated" is needed, (if C < ^ 
less is needed; however ^ < d shall not be enough. But to get the sharp results 
(with the extra assumption) for almost good A-frames we need a more elaborate 
approach - using vertical ^-uq- invariant coding, see Definition 3.10. 

Actually we shall use an apparently weaker version, the so called semi ^-uq- 
invariant. However, we can derive from it the vertical version under reasonable 
demands on u; this last proof is of purely model theoretic characters. We also 
consider other variants. 

In this section we usually do not use the r from 3.1, i.e. use r = Tu as it is not 
required presently. 

3.1 Hypothesis. We assume u is a nice construction framework and r is a weak 
u-sub- vocabulary. 



Remark. In Definition 3.2(1) below "d* witnesses not being able to lift d", of course 
we can ensure it can be lifted. 

3.2 Definition. Let ^ < 5 + 1, if we omit it we mean ^ = d + 1. 

1) We say that (M, N, I) e FR^ has weak ^-uq-invariant codingo when: 

® if M <u M' and M' D N — M then there are an ordinal a < ^ and a u-free 
(a, 0)-rectangle d so a = 5 is O.K., such that: 

(a) Mq^o = M' and M^ q f] N ^ M 
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(b) for every N', V such that (M', iV', I') is <i-above (M, N, I) and N' n 
M^ Q = M' we can find a', I-*^, a* and d* such that a' < a^a' < d (no 
harm^-'^ m. a < d ^ a' = a) and: 

(a) d* is a u-free (ct*, 0)-rectangle and a* < 5 
(/?) Mo^^ = AT' and M^^, 

(7) (M',Ar',r)<i(Mdo,M^;^o,l') 
((5) there are no di, 6.2 such that 

• 1 d^ is a u-free rectangle for £ = 1,2 

•2 Q;(di) = a* and di |~ (a*, 0) = d* 

•3 a(d2) > a' and d2 t (a', 0) = d f (a', 0) 

.4 (Mo^^o, <!, Io,o) = (^^', N', I') or just (M, iV, I) <i (M^^^, Mq^I, I^^) 
•5 there are G and <u-embeddings fi of /3(d<.) ^'^^^ 

£ = 1, 2 such that h \ = /2 r Af^,^^ and /i, /2 maps M^^^^^^^ 

2) We say that (M*, J*,f*) e iC^^ has the weak ^-uq-invariant codingo property 
when: if ct(0) < d and (M*, Nq,1q) e FR+, <u M*^^) and A?^o n = then 
for some club E of 9, for every 5 E E the statement ® of part (1) holds, with 
(M*, A'o, Iq), Af^ here standing for (M, A^, I), M' there but with some changes: 

d is such that M^, q M| for each a' < a for any (3 < d large enough 
and 

(*)2 in clause (b) we demand N' H Mq = Ms and M^; <u M| for every < 5 
large enough. 

3) We say that (M*, J*,f) e has the weak ^-uq-invariant codingi property as 
in part (2) but require only that there are such q;(0), (M*, A^o^Iq) so without loss 
of generality = ^a(o)- 

3 A) We say that (M, J,f) has the 5'-weak ^-uq-invariant coding2 property when 
we combine the above with Definition 2.6. 

4) For A; = 0, 1 we say that (M, J, f) has the ^S-weak ^-uq- invariant codings prop- 
erty when: 5' is a stationary subset of d and for some club E of d the demand in 
part (2) if A; = 0, part (3) if A; = 1 holds restricting ourselves to 5 E S (1 E. 



by natural monotonicity, similarly in 3.7, 3.10, 3.14 
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5) We say that u has the S'-weak ^-uq-invariant coding;;; property when: {0, 2}- 
almost every (M, J, f) e K^^ has the S-weak ^-uq-invariant coding/, property. Sim- 
ilarly for "above (M*, J*,f*) e K^^" . U S = d we may omit it; if /c = 1 we may 
omit it. 

3.3 Claim. Assume < d + 1 and): 

(a) S C. d is stationary 

(b) (M, J, f) e has the S-weak ^-uq-invariant coding properiy 

(c) i \ S is constantly zero 

{d) ^ <d+l and if^ = d then the ideal WDmId(5) + {X\S) is not d-saturated. 

Then we can find ((iV'', J'?, f'') : ry e ^2) such that 

(a) (M, J,f) <T (iV", J^,^') 
= f \ {d\S) 

(7) tf n^^Tf e ^2 and (iV"', J"', f''') <t {N\ for £ = 1,2 then N^, iVj 

are not isomorphic over Mq. 

3.4 Remark. Note that in Definition 3.2(1) we choose the u-free (ct^, 0) -rectangle 
for every d E S before we have arrived to choosing . This will be a burden 

in applying this. 

Proof. For simplicity we first assume ^ < d. Let {Ss : e < d) he a, sequence of 
pairwise disjoint stationary subsets of d with union <S'\{0} such that e < min(S'£) 
(exists; if ^ = 5 by assumption (d), otherwise if d successor by applying Ulam 
matrixes, in general by a theorem of Solovay). Without loss of generality ^ S. 

By assumption (b) we can find a{0) < d and A'^o, Iq such that Nq fl Mg = M^j-g) 
and (Mg^j-Q); -^O: I) ^ FR-i and a club Eq of d such that and for every d E S H Eq we 
can choose ag, ds as in ® of Definition 3.2(1) with Mq,(-o), A^o, Iq, M5 here standing 
for M,N,1,M' there but demanding M^^ q <u Mp^ for some (3s e {S,d), see (*)i 
of Definition 3.2(2). Without loss of generality a{0) is a successor ordinal. 

Let 

Ei = {6e Eq -.6 > a{0) and if S{1) e S D S D Eq 
then f3s(i) < S, i.e. mJJ;; „ <, Mg 
and {yp <d){(3 X (3 <6 A f{(3) < 6)}. 
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Clearly Ei is a club of d. 

We now choose ((5^, w^, iV^, M^, J°'^, J^'^, P, e^) : p G *2) by induction on 
i < d such that 

® (a) (a) 5P <d belongs to Ei U {a(0)} 
(/?) is a closed subset of Ei n 5^ 
(7) min(e'') = a(0), also N^^^^ = iVo, i;^^,^ = I 
(6) : e'' ^ 

(c) ^(a) < /3 if a < /3 are from e'' 

(d) if a G e''\5 then ^'(a) = f (a) 

(e) (a) iV" = (A^f : i < 5") and M'' = (Mf : i < 6^) are 

<u-increasing continuous 

((Mf , A^f , 1^1^*) : i < 5) is <y-increasing continuous 

(/) (a) J^'^ = (Jf'^ : i < 50 

(Mf , Mf+i, Jj''') G FR2 for i < 6p 

(7) (Mf , Mf+,,^, J°'0 <l (iVf , iVf^,, Jl''') when i < & 
(3a)(a Ge^'n^? & a<z<a + f^(a)) 
(^) if a G e'' then = M« and iV^ n Mq = M^, 
(/i) if a G eP\S then = f (a) and) i < f (a) ^ M^^- = 

M,+, A iV^+^ n Ma = M«+, = M^^^ and z < f (a) ^ J°'^. = J^+i 
and z < f(«) ^ (M„%„M^^^,+„ Jj^j <2 (iV,^„ 7V,^,+i, Ji'^J 

(i) if ^ < p then 5^ < 6p, = 5^ n e'', <\ M^, < iV^, J^'^ < J^'^ 
for £ = 0,1 and 1^ < 

(j) if £ < 9 and a E H S and p(q;) = 1 then 

((M^+, : z < (J°'^, : i < f^a))) is equal to 

(k) il e < d^a e eP n S and p{a) — then 

there is d* as in clause (b) of ® of Definition 3.2(1), for transparency 
of successor length p with (M«(o), iVo, Iq), (M^, NP, I^), d^,, d, 
here standing for (M, A^, I), (M', iV', T), d, d* there, such that 
fOa) = a',iV^+,,o = Mf* for i < F(«), 

"^a+i ~ Jfo ^ < f''(<^)7 and (for transparency) 
M«+i = M«, J°'^, = for i < F(«). 

Why can we construct? 
Case 1: i = 
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For p e *2 let 5p = a{0) and by clause (a)(7) we define the rest (well for i < a{0) 
and £ = 0,1 let M/ = M«(o), iVf = No, J -'^ = 0, If = I). 

Case 2 : z is a limit ordinal 

For p e *2, let Sp = Li{Spij : j < i} so Sp e Ei,Sp = sup(£'i n a). 
By continuity we can define also the others. 

Case 3 : i = j + 1 

Let p G -^2 and we define for p" {£) for £ = 0,1 and first we deal only with 

i <6 + fP'<^>{6). 

Subcase 3A : 6p ^ S 

We use clause (h) of ® and 1.5(5). 

Subcase 3B : 5 e S 

If £ = 1 then we use da for p'' {£) as in clause (j) of ® so the proof is as 
in subcase 3A. If £ = clause (b) of ® of Definition 3.2 can be applied with 
(M, N, I), (M', N', r), d there standing for (M,(o), No, Iq), (M,^^, iV,^^, I^^), d^^ here; 
so we can find ct'p,!^, a*, d* as there (presently a'p there can be as); and without 
loss of generality £g{d^) is a successor ordinal. 

Now we choose: 



(*) (a) 


F-<o>(5,) 


=i9m 


(b) 


Op+l 


for i < fP'<^>{d) 


(c) 




M^Jo for « = f^'<o>(5^) 


id) 


Op+l 


Nf^^iori<fP^<'>{6p) 


(e) 


-fO,p'-<£> 
"^Sp+i - 


0,jJ;^<^> = <5forz<F 



Clearly clause (k) holds. This ends the division to cases 3A,3B. 

Lastly, choose 5p-^<^> G Ei large enough; we still have to choose {M[ A^^^^ ^^^,1^ <£>^ 
for i G (5p + f^(5p), 5p-<^>]; we choose them all equal, M[ = M^^.^^^ and use 
L3(2) to choose A^f "<^>, if <^>. Then let J^'''"<^> = when m < 2 & i e 
[6p + ff>{6p),6p'<i>). 

So we have carried the induction. For p G 2 we define {MP, JP, f ^) G by 
MP = NP}\ = J^'^^*, iP{a) = iP^\a) for every i < d large enough. Easily 

©1 {M,3,i)<f {MP,3P,iP). 

Next 

02 for z/ G ^2 let p^ = p[z^] G ^2 be defined by p,,(i) = v{e) if i e Se A e < d 
and zero otherwise. 
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So it is enough to prove 

03 if ly^^iy^ e ^2 and (MpI'^^I, J^I'^^l, pM) <f [M\¥,i^) for £ = 1,2, then 
Mq, Mq are not isomorphic over Mq. 

Why this holds? As z/i 7^ z/2, by symmetry without loss of generality for some 
e < d we have i'i{s) = l,U2{e) = 0, and let / be an isomorphism from Mg onto M| 
over Mq and let witness (M^'M^ jpK] jpkd) <qt {m\¥ for £ = 1,2. Let 
E := n ^2 n {5 < a : 5 e □{e^t'^^l : z < a} and 5 = otp((5 n ep[^^] f^) for £=1,2 
and / maps onto M|}, clearly it is a club of d. 

Hence there is 5 e /Sg fl so p[^'i](5) = 1, p[z>'2](5) = 0, now the contradiction is 
easy, recalling: 

(*)i clause {5) of Defintion 3.2(1) 
(*)2 does not depend on p[v(\ \ 5. 

We still owe the proof in the case ^ = 9 + 1, it is similar with two changes. The 
first is in the choice of dj, as now a^g may be 5, so jSs may be 5, hence we have to 
omit < 5" in the definition of Ei. In clause (k) we should replace do. 

by da \ (0,7pra) so a + 7^^^ < min(ep\(a + 1)) where 'jpi^ < min{£5r(do,) + 1,8} 
which is the minimal a when we apply a in Definition 3.2. 

Second, the choice of (pjy : ly E ^2) with pi, G ^2 is more involved. 

For each e < d we choose Qs e ('^^^2 such that: 

□ if pi, P2 £ ^2 then for stationarily many 6 E Ss we have: (6) < (6) ^ 

QeiS) = 1 

(noting that f "(5) depends only on p \ d). 

[Why possible? As is not in the weak diamond ideal.] 
Then we replace 02 by 

©2 for ly E ^2 let = p[v\ G ^2 be defined by Pv{i) = Qe{i) + ^{^) mod 2 when 
i E Ss A e < d and Pu{i) is zero otherwise. 

Why this is O.K.? I.e. we have to prove ©3 in this case. Why this holds? As 
i^i ^ V2 by symmetry without loss of generality i'i(e) = l,V2{e) = and let /, E be 
as before. 

Let pi :— p\y^ G ^2, so by the choice of there is 5 G -E fl ^Sg such that 

First assume Qs{S) = 1 hence ^1(5) < ^^(5), so pi{5) = ^^(5) + z/i(£) = 1 + 1 = 
mod 2 so pi{5) — and p2{5) — Qe{,5) + z^2(£) = 1 + = 1 mod 2, so 2^2(5) = 1. 
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Now we continue as before, because what we need there for (M^I^^] ^ jp[^^2] jp[^^2] ) 
in 5 is satisfied for 5 + f^P^^ (5) hence also for 5 + f^P^l 

The other case, Qe{S) = 0, is similar; exchanging the roles. Ds.a 

The following conclusion will be used in 6.15, 6.16. 

3.5 Conclusion. We have i{d+, ^) > //unif(5+, 2^) and moreover i{K^'}) > //unif(5+, 2^) 
for any {0, 2}- appropriate i) when < d + 1 and): 

(a) 2^ < 2^^ and 9 > Kq 

(6) (a) the club filter on d, is not c^^-saturated 

iP) if ^ = a + 1 then WDmld(a) + {d\S) is not a+-saturated 

(c) {0, 2} — S'-almost every (M, J, f ) has the weak ^-uq-invariant coding prop- 
erty even just above (M*, J, f), so 5 C 9 is stationary. 

Proof. By 3.3 we can apply 3.6 below using 

© if ^ is a normal filter on the regular uncountable d, S not ^"'"-saturated 
then also the normal ideal generated by £/ is not 9+-saturated where jz/ = 
{ACd : Ae S or d\A e ^+ but S + {d\A) is ^-saturated}. 

□3.5 

3.6 Theorem. 1) We have i{d+,K^+) > Atumf(9+, 2^); moreover I {K^'q^) > 
fJ'unifid'^ 1 2^) for any u — {0, 2} -appropriate f) (see Definition 1.24) when : 

(a) 29 < 29^ 

(b) S is a non-d^ -saturated normal filter on d 

(c) for {0,2}-almost every (M, J,f) e K^^ (maybe above some such triple 
(M*,J*,f*) satisfying Sd + f~-^{0} is not -saturated), if S C d be- 
longs to ^+ and { \ S is constantly zero then we can find a sequence 
((M", J",f°) : a < 2^) such that 

[a) (M, J, f) <f (M°, J°, f«) and f« \ {d\S) - f \ {d\S) 

(P) ifa{l) ^ a{2) < 2^ and (M«W, J«W, f«W) <f (M^.*, J^.*, f<^.*) for 
£ = 1,2 then Mg*, Mg'* are not isomorphic over Mg. 
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2) Similarly omitting the "d'^ -saturation" demands in clauses (h),(c) and omitting 
i \ S is constantly zero in clause (c). 

Proof. 1) By Observation 1.25(4) without loss of generality f) = [)o U [)2 witness 
clause (c) of the assumption; we shall use f)2 for Sq so without loss of generality 1^2 
is a 2 — Sg-appropriate. By clause (b) of the assumption let S* be such that 

(a) S* = {Sl:a< d+) 

(6) 5* C a for a < d+ 

(c) ^* e [d] <^ for a < /? < d+ 

(d) S^^i\S^ is a stationary subset of d; moreover e ^+ 

(e) S ^S^is stationary; it includes {6 < d : f*{5) > 0} when (M*, J*, f*) 
is given. 

Let (M*,J*,f*) be as in clause (c) of the assumption; so {0, 2}-almost every 
(M**, J**,f**) e K^^ which is <qg-above (M*,J*,f*) is as there witnessed by 

Now we choose ((M'?, J^,f^) : rj e "(2^)) by induction on a < d+ such that 

® (a) (M^, J^,f^) e and is equal to (M*, J*,f*) if =<> 

(b) ((M'?r/3^ jvW^ fvW^ :/3<eg(r])) is <2'-increasing continuous 

(c) \ id\S*g^^^^^) is constantly zero 

(d) if eg(j]) ^ l3 + 2<a axidy = r] \ [13 + 1)) then 

(M^, J^J*?) (M'^, J^,P) and this pair strictly 5-obeys f) 

(e) if £g{r]) = 5 < a,5 limit or zero, < < 2^ and 

(M'?'<^'>,J'?"<^'>,P"<^'>) <f (M^J^f^) for £ = 0,1 
then MJ, Mq are not isomorphic over M^. 

The inductive construction is straightforward: 
if a = let (M^, J^, = (M*, J*, P) 
if a is limit use claim 1.19(4) 
if q: = /3 + 2 use clause ®((i) 

if a = S + 1, S limit or zero use clause (c) of the assumption to satisfy clause 
®(e). 

Having carried the induction, let = U{M'?^" : a < 9+} for r/ e ^^(2^). By 

9.1 we get that |{M^/ rj e ^^(2^)}| > /Xunif(5+, 2^) so we are done. 

2) Similarly. Dg.s 
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We now note how we can replace the ^-uq-invariant by ^-up-invariant, a relative, 
not used. 

3.7 Definition. Let ^ < d + 1. 

1) We say that (M, N, I) e FR^ has the weak ^-up- invariant coding property when: 

® if M <u M' and M' n iV = then there are ai < ^ and u-free {ae, 0)- 
rectangle for £ = 1, 2 such that: 

(a) M^^l, = M' = M^^l 

(b) Mtl, = Mtl, 

(c) Mtl^C^N = M 

(d) if (M, N, I) <i {M', N', I') and M^^q n N' = M' then there are no 
a'g < a£,a'^ < d, Pi < d and u-free (a^, /3^)-rectangles for £ = 1,2 
such that 

• i f(«^,0) -d^ r(a^,0) 

.2 (M',Ar',r)<i(Md;,Mo';l,<o) 

•q there are iV", / such that M^,^^^^ <u N and / is a <u-embedding 
of ^a;,/3, into AT over M^/ ^ = M^^ „ mapping Mq^^^ 
ontoMgd'^^. 

2) -5) As in Definition 3.2 replacing uq by up. 

3.8 Claim. Like 3.3 replacing uq-invariant by up-invariant. 

Proof. Similar. Da 8 

3.9 Conclusion. Like 3.5 replacing uq-invariant by up-invariant (in clause (c)). 

Proof. Similar. Ds.!! 

* * * 



Another relative is the vertical one. 



NON-STRUCTURE IN A++ USING INSTANCES OF WGCH 



45 



3.10 Definition. Let ^ < 9 + 1, omitting ^ means d+1. We say that (M, N, I) e 
FRy has the vertical ^-uq- invariant codingi property when: 

® if cto < 9 and do is an u-free (cto, 0) -rectangle satisfying M <u Mq q and 
^ao,o n = M then there are a, d such that: 

(a) cto < a < ^ 

(b) d is a u-free (cu, 0)-rectangle, though a is possibly d this is O.K. 

(c) d r(ao,0) = do 

(d) M^^,nN = M 

(e) for every N',!' such that {M^^q,N',I') e FRi is <i-above (M,iV,I) 
and iV' n M^o = M^q we can find a', a*, d*, I", M" such that 

(a) a' < a,a' < d, ckq < a* 

(/?) d* is a u-free (a*, 0)-rectangle 

(7) M^;, = N' 

{S) there is an u-free (cto, l)-rectangle d' such that 

d' \ {ao, 0) = do, d' \ ([0, ao), [1, 1]) = d, f {ao, 0) and 
1^0 = r and {M^io,Mi,,,V) <i {M",M^:^„I") 

(e) there are no di, 6.2 such that 

• i d^ is a u-free rectangle for £ = 1, 2 
•2 a{di) = ct* and di \ (q;*,0) = d* 
•3 a(d2) > a' and ds t (a',0) = d f (a',0) 
.4 (Mo^S, Ijo) = iK,0: N', V) or just 

(MoViv',r) <i (Mo^^o,<i,ioro) 

•5 there are -/Vi, -/V2, / such that M^^^^^^ <u for £ = 1, 2 
and / is an isomorphism from A^i onto N2 over M^ q 
mapping M^^^^^^^ onto M^^^^^^y 



2) We say that (M*, J*,f*) e has the vertical uq-invariant codingi propety as 
in Definition 3.2(2) only {{Ms+i : i < f (5)), {3s+i : i < f (5))) play the role of do in 
part (1). In all parts coding means codingi. 

3) , 4), 5) Parallely to Definition 3.2. 
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3.11 Theorem. Like 3.3 using vertical ^-uq-invariant coding in clause (b) and 
omitting clause (c) of the assumption and omit clause (/?) in the conclusion. Da.!! 

Proof. Similarly. 

3.12 Conclusion. Like 3.5 replacing clause (b)(/3) of the assumption (by ^ = d+1 =^ 
(3^)2^ = 2^^ < 2^) and with vertical ^-uq-invariant coding instead of the ^-uq- 
invariant one (in clause (c), can use S = d). 

Proof. Similar to the proof of 3.5. □3.12 

* * * 

3.13 Discussion : The intention below is to help in §6 to eliminate the assumption 
"WDmId(A"'") is not A+"'"-saturated" when 5 fails existence for K^'^^- We do using 
the following relatives, semi and vertical, from Definition 3.14, 3.10 are interesting 
because 

(a) under reasonable conditions (see Definition 3.17) the first implies the second 

(b) the second, as in Theorem 2.11 is enough for non-structure without the 
demand on saturation of WDmId(9) 

(c) the first needs a weak version of a model theoretic assumption (in the ap- 
plication) 

(d) (not used) the semi-version implies the weak version (from 3.2). 

3.14 Definition. Let ^ < a + 1. 

1) We say that u has the semi ^-uq-invariant codingi property [above some (M*, J*, f *)] 
when for {0, 2}-almost every (M, J, f) e K^^ [above (M*, J*, f*)] for some {a, N, I) 
we have a < d, M (1 N = Ma and {Ma,N,T) e FR^ has the semi ^-uq-invariant 
codingi property, see below but restricting ourselves to M', M^^ q G {M^ : P e 
{a, d)}. Here and in part (2) we may write coding instead of codingi. 

2) We say that (M, N, I) e FR^ has the semi ^-uq-invariant codingi property (we 
may omit the 1) when : if M <y M' and M' O N = M then we can find d such 
that: 

® (a) d is a u-free (ctd, 0)-rectangle with ad < C < d 

(6) M^^, = M' and M^^^^,^nN = M 
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(c) for any N', V; if (M, N, I) <i (M', iV', I') and M^^^^^^ n N' = M' 

then we can find a', N", I" satisfying a' <a,a' <d and (M', N', V) <i 
(M^, 0, TV", I") e FRi such that for no triple (e, /, N^) 



3.15 Remark. 1) This is close to Definition 3.2 but simpler, cover the applications 
here and fit Claim 3.20. 

2) We could have phrased the other coding properties similarly. 

3.16 Claim. // (M, A^, I) G FR^ has the semi ^-uq-invariant coding property then 
it has the weak ^-uq-invariant coding property, see Definition 3.2. 

Proof. Should be clear. Da.ie 

The following holds in our natural examples when we add the fake, i.e. artificial 
equality and it is natural to demand u = u'*', see Definition 3.18. 

3.17 Definition. 1) We say that u has the fake equality =* when: 

(a) Tji has only predicates and some two-place relation tj^ is, for every 
M & K, interpreted as an equivalence relation which is a congruence relation 
on M 



(b) M eK iff M/ =f belongs to K 

(c) for M C AT both from K we have M <u iV iff (M/ =f ) <s (N/ =f ) 

(d) assume M and I C N\M and I' = {rf G I : (Vc G M)(^c =^ d)}, £ G 
{1,2}. If (M,iV,I) G FR^ then (M/ =^,N/ =^,1'/ =^) G FR^ which 
implies (M, A^, I') G FR^ 

(e) if M C A^ are from K and I C {rf g A^ : (Vc G M)(^c =^ d)} and £ G {1, 2} 
then (M, A^, I) G FR^ iff (M/ =^,1/ G FR^ 



do we have: 



(a) 
(7) 

(5) 

(e) 
(C) 
(^) 



e is a u-free rectangle 

(Xe — ctd and e \ (a', 0) — d \ (a', 0) 




/ is a <u-embedding of N" into A^* 
/ t M^, is the identity 
/ maps A^' into M^^^^^y 
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lA) In part (1) we may say that u has the fake equality =* or is a fake equality 
for u. 

2) Wc say u is hereditary when every (M, N, I) G FKf is hereditary, see below. 

3) We say (M, N, I) e FR^ is hereditary when: 

(a) if d is u-free (1, 2)-rectangle, M <u M^q and (M, N, I) <l {M^-^, M^^, I^^) 
to (M,iV, I) <i (MoVMod2,lJi) <i'(M^o,M^2,I?,i)- 

4) We say u is hereditary for the fake equality =* when every (M, A^, I) G FK^ is 
hereditary for which means that clause (a) of part (3) above holds, is a fake 
equality for u and: 

(6) if d is a u-free (0, 2)-rectangle, M M^q and (M, N, I) <l (Mq^i, M^^, iji) 
then we can find Mi, /, M2 such that: 

(a) / is an isomorphism from Mq ^ onto Mi over Mq q 

{(3) Mo^o <u Ml <u M2 and Mo,2 <u M2 

(7) IM2I = |Mi| U IMq^sI 

(5) M2 h "c=* /(c)" ifcGMo,i 

(£) (Mo,o,Mo,2,lJi)<i(Mi,M2,lJi). 

5) In parts (2), (3), (4) we can replace hereditary by weakly hereditary when: in 
clause (a) we assume I = Iq 1 = Ii 1 and in clause (b) we assume I = Iq^i- 

3.18 Definition. For u is a nice construction framework we define u^*' = ul*'^ like u 
except that, for £ = 1, 2 we have (Mi,iVi,Ii) <^[^j (M2, ^2,12) iff (Mi, Ai,Ii) <i 
(M2, N2, 12) and Ii ^ =^ Ii = I2. 

3.19 Observation. 1) u has the fake equality = (i.e. the standard equality is also a 

fake equality). 

2) u' as defined in 2.8(2) has the fake equality =t- (and is a nice construction 
framework, see 2.8(3)). 

3) If u is hereditary then u" as defined in 2.8(4) is hereditary and even hereditary 
for the fake equality =r and is a nice construction framework, see 2.8(5). 

4) u'*^ is a nice construction framework, and if u is weakly hereditary [for the fake 
equality =*] then u^*! is hereditary [for the fake equality =^]. 

5) If u is hereditarily (for the fake equality =*) then u\*^ is hereditarily (for the fake 
equality —^). 
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Proof. Check (really 3.1). Ds.ig 

3.20 Claim. Let ^ G {d, d + 1} or just ^ < d + 1. Assume u = dual(u) has fake 

equality =* and is hereditary for =* . 

If (M, N, I) has the semi ^ -uq-invariant coding property, then (M, A^, I) has the 
vertical ^-uq-invariant coding property. 



Remark. So no "(M, J, f ) G K^" here, but applying it we use .^"-universal homo- 
geneous Mq. 

Proof. So let do be a u-free (ad, 0)-rectangle satisfying M <u M^^ and ^^^(do) o ^ 
N = M so CKdo < d and we should find di satisfying the demand in Defini- 
tion 3.10(1), this suffice. As we are assuming that "(M, A^, I) has the semi uq- 
invariant coding property", there is Gq satisfying the demands on d in 3.14(1)® 
with (M, iV, I, Mq^I) here standing for (M, iV, I, M') there. 
Without loss of generality 

Let 

(*)2 ei = dual(eo) so as u = dual(u) clearly ei is a u-free (0, Q;(eo))-rectangle, 
so /3(ei) = Q;(eo). 

Now by 1.5(5) for some e2 (note: even the case /3(ei) = Q:(eo) — d is O.K.) 

(*)3 (a) e2 is a u-free (Q;(do), /3(ei))-rectangle 
(6) 62 r(a(do),0) = do 
(c) 62 r(0,/3(ei))) = ei 

and without loss of generality 

V ' a(e2),/3(e2) 

Now we choose d by 

(*)4 d is the u-free (Q;(do) + Q!(6o), 0)-rectangle such that: 
(a) is M^°o if a < a(do) 

{h) is M5^^)^_^(^^) for a e [a(do), a(do) + a(6o)] 

(c) Jlo = Jjo if « < «(do) 

l'^) Ja,0 = Ia(do),a-a(do) " = ["(^o), «(do) + a(6o)). 
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[Why is this O.K.? Check; the point is that u = dual(u).] 
And we choose 6.2,^ for 7 < min{Q;(do) + 1, d} 

(*)5 d2,'y is the u-free (7 + 1, 0)-rectangle such that: 

(a) M^fo^s M^Vf « ^ 7 

(b) is M-^)^^(^^) if a = 7 + 1 

(d) Jjo^is0ifa = 7. 

[Why is this O.K.? Check.] 
So it is enough to show 

{*)q d is as required on d in 3.10 for our given do and (M, N, I). 
But first note that 

(*)7 d = di is as required in clauses (b),(c),(d) of Definition 3.10(1). 

Now, modulo (*)7, clearly {*)q means that we have to show that 

K if (M, A^,I) <i {M^^o,N',I') and M^^^^^ ^DN = M, i.e. N',V arc as in 
(8)(e) of 3.10(1), then we shall find a', a*, d*, I", M" as required in clauses 
(a) — (e) of (e) from Definition 3.10(1). 

By the choice of gq to be as in Definition 3.14 before (*)i, for {N', J') from M there 
are a', a*, e*, N" , 1'^ such that 

01 (a) a' < a{eo) and a' < d 

{(3) is a u-free (a*, 0) -rectangle 

(7) M^;^^N' 

(5) there is a u-frcc (a', l)-rectangle e' such that e' \ {a', 0) = eo \ {a', 0) 
and e' [ (a', [1,1]) = e, [ (a',0) 

(e) there are no di, d2 such that 

• 1 d^ is a u-free rectangle for £ = 1,2 

•2 a(di) = a^, d2 [ (a*, 0) = 

•3 a(d2, 0) > a' and d2 [ (a', 0) = d [ (a', 0) 

•4 (Mq'^^o, M^^^, is {M', N', I) or just <i-above it 

.5 there are N^, N^, f such that M^^^^^^^^^^^ iV; for £ = 1,2 
and / is an isomorphism from onto A^^ over 
<(d),o ^hich maps M^^^^^^^^ onto M^^^^^^^. 
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Without loss of generality 

Now by induction on ck < a{d) we choose (M*, iV*, I* ), J* such that 

©3 (a) (M*,iV*,I*)e FRi 

(b) {{M*, N*,l*) : 7 < a) is <i-increasing continuous 

(c) (M*, AT*, i;) = (M^? 0, AT", r ) for a = 

(d) m* = m:^^, 



(e) TV* n M^? , , = M* 

(eo)' 



(/) ifa = ai + lthen(M:j^„„M:j+,^„„r^^^^(^^P <2 (iV*^, iV*,+i, J- 



Now we shall use the assumption "u is hereditary for to finish. 
Choose 

04 / is an isomorphism from -^^(d) onto a model M* such that -^^?^(e2) ~ 
M* n M*(j) and / \ M^^ ^^^^^ is the identity as weU as f \ N" 

©5 M** is the unique model G i^u such that M*^^^ C M** and M* C M** and 
ceM*(d)^M** h "c=/(c)". 

Lastly 

©6 is the following u-frcc {a{d.) + 1, l)-rectangle: 

(a) d, t (a(d),0) = d 

(b) M^%)^, = M-^^)^^ and J^^^^^ = 

(d) if a < Q;(d) the is M^ q U /(M^^^,), i.e. the submodel of M** 
with this universe 

(e) if a < a{d) then ijo = /(I* ) and I^^^^ = /(I^^^^) 
(/) ifa<a(d)thenJ^;, = /(J^y). 



n3.20 

To phrase a relative of 3.20, we need: 



52 



SAHARON SHELAH 



3.21 Definition. 1) We say u satisfies {E)i{i), is interpolative for £ or has inter- 
polation for i when : 

if(Mi,Ari,Ii) <i (M2,iV2,l2)then {M^,N^,I^) <i {M^.N^.li) <i (M2,iV2,l2). 
2) (E)(f) means (E)i(f) + (E)2(f). 

Remark. This is related to but is different from monotonicity, see 1.13(1). 

3.22 Claim. 1) Assume that for I G {l,2},u satisfies (E)i(f). For every u- free 
{a, (3) -rectangle d, also e is a u-free {a, (3) -rectangle where Mf- = Mf-.l — 1 ^ 

2) Similarly for u-free triangle. 

3) If 5 satisfies (E)(f) then in part (1) we can let J®^- = JfQ,If^- = 1q y 

Proof. Easy. 03.22 
Now we can state the variant of 3.20. 

3.23 Claim. Assume ^ < 5 + 1 and u = dual(u) has fake equality =*, is weakly 

hereditary for =* and has interpolation. 

If (M, A^, I) G -ftTu* ho,s the semi ^-uq-invariant coding property then (M, A?", I) e 
K"^ has the vertical ^ -uq-invariant coding property. 

Proof. Similar to the proof of 3.20, except that 

[A) in 03 we add I" = I', justified by monotonicity; note that not only is it a 
legal choice but still exemplify 3.10 

{B) in 04 we add I* = 1^ = I" = I'. 

3.24 Theorem. We have I (Kg'}) > /iunif(9+, 2^) when : 
(a) 29 < 2^+ 

(6) some (M, A^, I) e FR2 has the vertical ^-uq-invariant coding property, see 
Definition 3.10 

(c) \) is a {Q., 2} -appropriate witness that for {0,2}-a/most every (M, J,f) G 
JCy*, the model Mq is Ky^-model homogeneous 

(d) i^dori = d+ and 2^ = 2<^ < 2^. 
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3.25 Remark. 1) We can phrase other theorems in this way. 

2) So if we change (b) to semi uq-invariant by 3.20 it suffices to add, e.g. 

(d) u is hereditary for the faked equahty 

Proof. Easily by clause (b) we know u has the vertical ^-uq-invariant coding prop- 
erty. Now we apply 3.11, i.e. as in the proof of theorems 3.5 using 3.6(2) rather 
than 3.6(1) and immitating the proof of 3.3. 03.24 

3.26 Exercise : Prove the parallel of the first sentence of the proof of 3.24 to other 
coding properties. 

* * * 

3.27 Discussion : We can repeat 3.13 - 3.24 with a game version. That is we replace 
Definition 3.14 by 3.28 and Definition 3.10 and then can immitate 3.20, 3.24 in 
3.29, 3.30. 

3.28 Definition. Let ^ < 9 + 1. 

1) We say that u has the ^S-semi ^-uq-invariant coding2 property, [above (M*, J*, f *) e 
kT] when {0, 2}-almost every (M, J,f) G K^^ [above (M*, J*,f*)] has it, see be- 
low; if S = d we may omit it. 

2) We say that (M, J, f ) G K^^ has the (S-semi ^-invariant coding2 property when 
we can choose (dj : 6 & S) such that 

® (a) is a u-free (^(dj), 0)-rectangle 

(b) M^;^ = Ms 

(c) <fd.),o<uMa 

(d) in the following game the player Coder has a winning strategy; the 

game is defined as in Definition 2.6(2) except that the deciding 
who wins a play, i.e. we replace (>k)2 by 

(*)2 in the end of the play the player Coder wins the play when : 
for a club of 5 G 9 if 5 G 5" then there are A^", I" such that 
{Ms, Ns, la) <u (^a(d.),0' for uo (e, /, N,) do we have 

the parallel of (a) — [r]) of clause (c) of Definition 3.14. 

3) We define when u or (M, J, f ) has the S'-vertical ^-uq-invariant coding2 property 
as in parts (1),(2) replacing 3.14 by 3.10. 



54 



SAHARON SHELAH 



3.29 Claim. Like 3.20 using Definition 3.28. 

3.30 Theorem. Like 3.24 using 3.28. 



We now point out some variants of the construction framework, here amalgamation 
may fail (unlike 1-3(1) used in 2.10(4) but not usually). This relates to semi a.e.c. 

3.31 Definition. We define when u is a weak nice construction framework as in 
Definition 1.2 but we considerably weaken the demands of .^u being an a.e.c. 

{A) u consists of 9, Tu, .^u = (-f^u, <u), FR-i, FR'2, <i, <2 (also denoted by FR", 

FR^,<i,<^) 
{B) d is regular uncountable 
(C) (a) Tu is a vocabulary 

{h) Ku is a non-empty class of r^-models of cardinality < d closed under 
isomorphisms (but Kg'*,KQ'* are defined below) 

(c) (restricted union) if £ e {1,2} then 

(ck) <u is a partial order on K^, 

iP) <u is closed under isomorphism 

(7) restricted union existence: if i = 1,2 and 

{Met : a < 5) is < ^-increasing continuous, 6 a limit ordinal < d 
and (Mq,, Mo,_j_i,lQ,) G FR^^ for ct < 5 and S = supja < d: 
{Ma, Ma+i, la) & FRu'+ then Ms := {Ma : a < 5} belongs to 
and a < 6 ^ Ma <u Ms 
{d) restricted smoothness: in clause (c)(7) if a < 5 =^ Ma <u N then 
Ms <n N 
{D)e as in Definition 1.2 

{E)i as in Definition 1.2 but we replace clause (c) by 

(c)' {{Ms,Ns,3s)^ VRiB.nda<5^{Ma,Na,ia)<i{Ms,Ns,3s) 
when: 

{a) 5 < d is a, limit ordinal 

{(3) {{Ma,Na,Ja) a < 5) is <y-increasing continuous 

(7) {Ms, Ns, Js) = (U{Ma :a<6}, U{Na : « < 5}, U{J« : a < S}) 

{5) Ms is a <u-upper bound of (Mq, : a > 6) 

{e) Ns is a <u-upper bound of (A^q, : a < 6) 

(0 Ms<uNs 
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(F) As in Definition 1.2. 



3.32 Remark. 1) We may in condition (E)^(c) use essentially a u-free (5, 2)-rectangle 
(or (2, 5)-rectangle). 

2) A stronger version of (E)^(c) is: (E)2(c)"'' as in (E)i(c)' adding: 

[ri) (M«,M«+i,I«) <i (iV«,iV,+i,li) 

{6) {Ma, Na, I^) e FRi'^ for m = 0, 1 for unboundedly many a < 6 {so clause 
(C) follows). 

(E)i(c)"'" means clause (E)2(c)"'' is satisfied by dual(u). 

3) We may demand for (M, J, f ) e K^^ that for a club of S, if f{6) > then: 

(a) f(5) is a limit ordinal 

(6) f(5) = sup{z < f(5) : {Ms+^,Ms+^+l,Js+^) G FR^'+} 

(c) in the examples coming for an almost good A-frame s, see §5: if i < S 
and p e y^'^{Msj^i) then 5 = sup{j : j e (i, 5) and Js+j = {as+j} and 
tps(a5+j, Ms+j, Mg^j^i) is a non- forking extension of p; see more in §5 on 
this. 

4) We may in part (3)(b) and in 3.33(A) (a) below restrict ourselves to sucessor i. 

3.33 Lemma. We can repeat §i + ^2 (and ^3) with Definition 3.31 instead of 
Definition 1.2 with the following changes: 

{A) from Definition 1.15: 

(a) in the Definition of (M, J,f) G -ftTu* we demand S = {5 < d : f{5) > 
0} is stationary and for a club of d E S,i{S) is a limit ordinal and 
i < i{5) =^ {Ms+i, Ms+i^i, J s+i) 

(6) we redefine <u^, <u® as was redefined 

{B) proving 1.19: 

(a) in part (1), we should be given a stationary S C. d and for a < d let 
f{a) = CO 

{b) in part (2), we use the restricted version of union existence and smooth- 
ness 

(c) in part (3), we demand (M^, M^, I*) G FR^ and let E C X\a witness 
(M, J,f) G -ftTu* o.nd S = {S E E : t{S) > 0} and inthe induction we 
use just {Mp-.pe {a} U \J{[5, 5,f{5)] ■.5eS}). 
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3.34 Exercise : Rephrase this section with r-codingfc instead codings . 

[Hint: 1) Of course, we replace "coding" by "r-coding" and isomorphic by r- 
isomorphic. 

2) We replace .5 of 3.2(1) (5) by: 

•5 there are A''!, N2 such that -^^(d^) /3(df) for £ = 1, 2 and there is a 

r-isomorphism / from A^i onto N2 extending id^d^ and mapping -^^^3(^1) 
onto M^\i, 

0,/3(d2) 

3) In Claim 3.3 in the end of clause (7) ''Nq.Nq are not r-isomorphic over M^", 
of course. 

4) In 3.5 replace I hj Ir- 

5) In 3.6, in the conclusion replace / by /t, in clause (c)(/3) use "not r-isomorphic". 

6) In Definition 3.7 like (2), in Definition 3.10(e)(5) as in (2). 

7) Change 3.14(c) (e) as in (2), i.e. 

(e)' / is a r-isomorphism from A^* onto A^* for some N* such that N" A^*.] 
§4 Straight Applications of (weak) coding 



Here, to try to exemplify the usefulness of Theorem 2.3, the "lean" version, 
i.e. using weak coding, we revisit older non-structure results. First, recall that 
the aim of [Sh 603] or better VI§3,§4 is to show that the set of minimal types in 
^^*(M), M G is dense, when : 

2^ < 2^^ < 2^^"^, is an a.e.c. with LS(J^) < A, categorical in A, A+ and 
have a medium number of models in A"*""*" (hence R has amalgamation in A 
and in A+). 

More specifically we have to justify Claim VI. ^^^^E46-3c.34 ^^^^ when the 
weak diamond ideal on A""" is not A+^-saturated and we have to justify claim VI. 
^^^^E46-4d.l7 ^^^^ when some M G Kx+ is saturated; in both cases inside the 
proof there we quote results from here. 

We interpret medium as 1 < I(X'^~^,K) < |Uunif(A"'~''", 2'*' ) (where the latter 
is usually 2'*'^^). This is done in 4.1-4.15, i.e., where we prove the non-structure 
parts relying on the one hand on the pure model theoretic part done in Chapter 
VI and on the other hand on coding theorems from §2. More elaborately, as we 
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are relying on Theorem 2.3, in 4.1 - 4.9, i.e. §4(A) we assume that the normal 
ideal WDmId(A"'") is not A"'"+-saturated and prove for appropriate u that (it is a 
nice construction framework and) it has the weak coding property. Then in 4.10 
- 4.15, i.e. §4(B) relying on Theorem 2.11, we assume more model theory and 
(for the appropriate u) prove the vertical coding property, hence eliminate the 
extra set theoretic assumption (but retaining the relevant cases of the WGCH, i.e. 
2^ < 2^^ < 2^^^). 

Second, we relook at the results in VI§6, i.e. [Sh 576, §6] which were originally 
proved relying on [Sh 576, §3]. That is, our aim is to prove the density of uniqueness 
triples {M,N,a) in iiT^'"^, assuming medium number of models in A"*""*", and set 
theoretically 2^ < 2^^ < 2^^^^ and in addition assume (for now) the non-A"*""*"- 
saturation of the weak diamond ideal on A+. So we use the "weak coding" from 
Definition 2.2, Theorem 2.3 (see 4.20, i.e. §4(D)). The elimination of the extra 
assumption is delayed as it is more involved (similarly for §4(E)). 

Third, we fulfill the ("lean" version of the) promise from III§5, proving density 
of uniqueness triples in K^'^^, for s a good A-frame, also originally relying on [Sh 
576, §3], see 4.28, i.e. §4(E). 

Fourth, we deal with the promises from I§5 by Theorem 2.3 in 4.16 - 4.19, i.e. 
§4(C). 

But still we owe the "full version", this is §4(F) in which we eliminate the extra 
set theoretic result relying on the model theory from §5-§8. 



(A) Density of the minimal types for ^\ 

4.1 Theorem. We have i{X++,K) > ;Uunif(A++, 2^^) when : 

(a) 2^ < 2^^ < 2^^^ 

(6) the ideal WDmId(A"'"), a normal ideal on A"*", is not X'^'^ -saturated 
(c) ^, an a.e.c. with LS(.^) < A, has amalgamation in X, the JEP 

in X, for simplicity and Kx+ 7^ 0; 
{d) for every M G Kx+ and <si-representation M = (Mq, : a < A+) of 
M we can find {ao, No,a), i.e., a triple {Mq,^, Nq, a) such that: 

(a) A^o 

(/3) a G No\MctQ and tpj:?(a, Mq,q, Nq) is not realized in M 
(7) if ctQ < ai < A+, Mq.^ <_t^ Ni and f is a <j^-embedding of 
Nq into Ni over Mc^f^ then we can find a2 G (ai. A""") 
such that Mq.2 , Ni are not uniquely amalgamated over 
M^^ (in Kx), I.e. ^VQtx{M^^,M^^,Ni), see VI. 
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Ji-.2 Remark. 1) Used in Claim VI. ^^^■E46-3c.34 more exactly the relative 

4.3 is used. 

2) A further question, mentioned in VI. ^^^^E46-2b.33 ^^^^(3) concern IE{X'^~^, K) 

but we do not deal with it here. 

3) Recall that for M G K\ the type p G y^^{M) is minimal when there is no 
M2 G K\ which <^-extends M and p has at least 2 extensions in S^^^{M2); see 
Definition VI. ^^^E46-la.34 

3A) We say that in ^\ the minimal types are dense when: for any M G K\ and 
p G y^l{M) there is a pair (A^, q) such that M N and q G ^^^(A) is minimal 
and extend p (see VI. ^^^E46-la.34 ^^^(lA)). 

4) A weaker version of Clause (d) of 4.1 holds when any M G K\+ is saturated 
(above A) and the minimal types are not dense (i.e. omit subclause (/3) and in 
subclause (7) add /(a) ^ M^^] the proof is similar (but using 4.11). Actually, 4.1 
as phrased is useful normally only when 2^ > A"*", but otherwise we use 4.3. 

5) In VI. ^^^^E46-3c.34 ^^^^ we work more to justify a weaker version (d)" of 
Lemma 4.3 below which suffice. 



Similarly 

4.3 Lemma. 1) Like 4-1 but we replace clause (d) by: 

(d)' there is a superlimit M G Kx+ and for it clause (d) of 4-1 holds. 

2) For T a K -sub-vocabulary, see 1.8(5), we have ir{X'^~^,K) > (Uunif(A"'""'", 2'''''') 
when (a),(b),(c) of 4-1 holds and 

(d)" there'^'^ is K'^+ such that 

(a) K'l+ C Kx+, K'^j^ 7^ and K'^+ is closed under unions of <si-increasing 
continuous sequences of length < A"*" 

(/3) there is M* G K'^+ such that for any <si^ -increasing continuous se- 
quence (M^ : a < A+) with union G K'^^ satisfying <^ , in 
the following game the even player has a winning strategy. In the a-th 
move a triple (/3q,, Mq,, /q,) is chosen such that (3^ < A"*", G ^\ has 
universe C A"*" and fa is a <^-embedding of M^^ into M^, all three 
are increasing continuous with a. Of course, the a-th move is done 
by the even/odd iff a is even/odd. Lastly, in the end the even player 



Why not Just because we use this notation in 1.10. 
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wins iff U {Ma : a < A"*"} belongs to K'^+ and for a club of a < for 
some 7 G (/3q,, A+) and some N G K\ such that there is an isomor- 
phism from N onto extending fa we have NUQt-(M^^ , A^, M^), 
i.e. N,M^ can be amalgamated over Mp^ in ^\ in at least two r- 
incompatible ways. 



4.4 Remark. 0) We may replace /3a in clause {d)"{(3) above by /3 = a + 1, many 
times it does not matter. 

1) We may weaken the model theoretic assumption (d)" of 4.3(2) so weaken (d) in 
4.1 and [d)' in 4.3 if we strengthen the set theoretic assumptions, e.g. 

for some stationary 5" C S^l'^ we have 5" G /[A++] but 5" ^ WDmId(A++) 

(*)2 in 4.3, in subclause (a) of clause (d)" we weaken the closure under union 
of K'^+ to: for a <j^-increasing sequence in K'J^j^. of length A"*", its union 
belongs to K'J^+ . 

2) If, e.g. A = A^^ and V = V*^ where Q is the forcing notion of adding A"'"-Cohen 
subsets of A and the minimal types are not dense then /(A"*", K) = 2^^, (hopefully 
see more in [Sh:E45]). 

3) If in part (2) of 4.3, we may consider omitting the amalgamation, but demand 
"no maximal model in .^a"- However, the minimality may hold for uninteresting 
reasons. 

4) This is used in VI. ^^^E46-3c.34 

5) We may assume 2^ 7^ A"*" as essentially the case 2^ = A"*" is covered^^ by Lemma 
4.10 below. 

6) In clause {d)"{(3) of Lemma 4.3, we can let the even player choose also for 
a = S + l for SeS when 5" C A+ but WDmId(A+) + 5" is not A++-saturated. 



Proof of 4-1- We shall apply Theorem 2.3. So (model theoretically) we have an a.e.c. 
^ with LS(.^) < A, and we are interested in proving /(A^"*",.^) > /Uunif(A"'"+, 2^^). 

We shall define (in Definition 4.5 below) a nice construction framework u such 
that dxi = A"*"; the set theoretic assumptions of 2.3 hold; i.e. 



■^•^by the assumption has amalgamation so togther with 2^ = A+, if \tk\ < A or just 
M G .^X =^ I'^SixiM)] < A+ then there is a model M* £ which is saturated above A; in 

general this is how it is used in VI§4; but if there is M G .^x with \S^^^{M)\ > A+; we can use 
4.1. 



60 



SAHARON SHELAH 



(a) X < d and 2^ = 2^^ < 2^; i.e. we choose ^ := A and this holds by clause 
©(a) of Theorem 4.1 

(b) 2P < 2^^; holds by clause ©(a) of 4.1 

(c) the ideal WDmID(9) is not ^"''-saturated; holds by clause ©(6) of 4.1 

We still have to find u (and r) as required in clause (d) of Theorem 2.3. We define 
it in Definition 4.5 below, in particular we let — t — Tj^, see Definition 1.10 
where ^ is the a.e.c. from 4.3 hence the conclusion "7^(5"'", Kg'^) > iJ,unii{d'^, 2^) > 
2^ for any {0, 2}- appropriate function [)" of Theorem 2.3 implies that /(A"'""'', K^) > 
A*unif(A"'""'", 2'^^) as required using 4.7(3); we can use Exercise 1.12. So what we 
should actually prove is that we can find such nice construction frameworks u with 
the weak coding property which follows from u having the weak coding property 
(by 2. 10(2), (3)) and f) such that every M e Kl'}+ is r-fuUer. This is done in 4.6, 
4.7 below. □4.1 



Proof 0/4.3. 1) By part (2), in particular letting = {M e Kx+ : M is 

super limit}. 

But why does subclause (/?) of clause (d)" hold? Let M* e K'^+ be superlimit, 
let {Ml : a < A+) be -increasing continuous with union G K'^^ and assume 
M* M^. Without loss of generality has universe {/3 < A+ : /3 odd}. 

We shall prove that the even player has a winning strategy. We describe it as 
follows: the even player in the a-th move also choose (Na^ga) for « even and also 
for a odd (after the odd's move) such that 

(*) (a) Na e Kx+ is superlimit and <^ Nq 

(b) the universe of Na is {7 < A""" : 7 is not divisible by A"} 

(c) Np<^NafoTP<a 

(d) Qa is a <^-embedding of Mq, into Na 

(e) gp C ga ioT p < a 

(/) if a is odd then the universe of ga+i{Ma+i) includes a = N^ fl a. 

It should be clear that the even player can do this. Also for any such play 
{{Ma, fa: Na, ga) ■ Oi < A+) wc havc A+ = U{iV« H « : « < A+} C i^{ga{Ma) : a < 
X^} C VJ{Na : OL < A"""} C A""", so ^ = D{ga a < X^} is an isomorphism from 
U{Ma : a < A+} onto U{A^q, : q; < A"*"}. As the latter is superlimit we are done (so 
for this part being (A"*", A+)-superlimit suffice). 

2) The proof is like the proof of 4.1 but we have to use a variant of 2.3, i.e. we use 
the variant of weak coding where we use a game, see 2.5. □4.3 
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4.5 Definition. [Assume clause (c) of 4.1.] 

We define u = u^^ as follows (with t(u) = (r^)' so =r is a congruence relation 
in t(u), O.K. by 1.10; this is a fake equality 3.17(1), 3.19) 

(a) = A+ 

(6) essentially .^u = .^a; really (i.e. =r is a congruence relation!) 

(c) FRi = {(M, N,I) : M <j^^ N,1C N\M empty or a singleton {a}} 

(d) FR2 = FRi 

(e) (Mi,iVi,Ji) <^ (M2,iV2,J2) when 

(i) both triples are from FR^ 
(ii) Ml <^ M2, Ni <^ N2 and Ji C J2 
(m) M2nAri = Mi. 



Observation, u is a nice construction framework which is self-dual. 

Proof. Easy and the proof of 4.13 can serve when we note that (D)i(d) and (F) are 
obvious in our context, recalling we have fake equality. □4.6 

4.7 Observation. [Assume A, are as in 4.1 or 4.3(1) or 4.3(2).] 

1) u has the weak coding property (see Definition 2.2). 

2) If (M, J, f ) e K^^ and so Mg e Kx+ but for 4.3(2) the model Mg is superlimit 
then (M, J, f ) has weak coding property. 

3) For some u — 0-appropriate function I), every M e is Ts-fuUer, i.e. the 
model M/ =^ has cardinality A"''"'' and the set a/ =^ has cardinality A"''"'' for 
every a E M. 

Proof. Easy. 

1) By part (2) and (3). 

2) For proving 4.1 by clause (d) there we choose (a(0), A'o, Iq), it is as required in 
Definition 2.2(3), noting that we can get the necessary disjointness because has 
fake equality. Similarly for 4.3(1). 

For proving 4.3(2) we fix a winning strategy st for the even player in the game 
from clause (d) of 4.3. Again by the fake equality during the game we can demand 
ai<a^ /a(M^J n Ma = fc^AMp,). 

3) By 1.25(3) is suffice to deal separately with each aspect of being Tg-fuller. 
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First, we choose a u-O-appropriate function f)o such that if ((M^, J^, f (M^, J^, f^)) 
does 0-obeys f)o as witnessed by (-E, 1) then for any 5 E E, (M|,M|,l5) G FR]*" 
and there is a G such that c G ^ M| |= -i(a c); this is possible as 
in every (M^, J^,f^) G -ftTu* there are a < and p G t5^'^'^(M^) not reahzed in 
= U{Ml : 13 < a). Why? For 4.1 by 4.1(d)(/3), similarly for 4.3(1) and for 
4.3(2), if it fails, then the even player cannot win, because 

(*) if Mo <u Mi for £ = 1,2 and (V6 G Mi) (36 G Mi) (3a G Mo)(Mi ^ a =r h) 
then Ml, M2 can be uniquely disjointly amalgamated in ^y^. 

Second, we choose a u — 0-suitable ()2 such that if ((M", J",f") : a < d^) does 
0-obeys f)2, then for every a < 9+ and a G Mq, for A^"*" many 5 G (a, A++), we 
have (a/ =fO C (a/ =f^+^). ^4.7 

4.8 Example For u, st as in the proof of 4.7(2). 

1) For some initial segment x = ((/9q,, Mq, fa) '■ a < a*), of a play of the game of 
length < A"*" in which the even player uses the strategy st, for any longer such 
initial segment ((/9q, Mq, /q,) : a < a**) of such a play we have Mq,^ ^fa,.^ (^p^ ) ~ 
UAMlJ and UAMlJ <^ M«. 

[Why? As in the proof of the density of reduced triples; just think.] 

2) Moreover if c G Mq\Mp^^ then /^.^ (tp^(c, M^?^^ , Mg)) is not realized in M^, 
(recall the definition of NUQ). ^4.1 



4.9 Remark. So we have finished proving 4.1, 4.3. 



(B) Density of minimal types: without A"'""'"-saturation of the ideal 

The following takes care of VI. -^^^E46-4d.l7 of its assumptions, (a)- 

(g) are hsted in VI. ^^^E46-4d.l4 

4.10 Theorem. We have i{X++,K) > //umf(A++, 2^^) when : 
(a) 2^ < 2^^ < 2^^' 

(6) A is an abstract elementary class, LS(.^) < A 

(c) K^++ + 0, 

(d) ^ has amalgamation in A 

(e) the minimal types, for ^\ are not dense, see 4-2(3A) 

(/) A is categorical in A+ or at least has a superlimit model in A""" 
(g) there is M E Kx+ which is saturated (in above A. 
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Proof. The proof is broken as in the other cases. 



4.11 Definition. We define u = u\ as in 4.5 so .^u = ^'x but replacing clauses 
(c),(e) by (we shall use the fake equality only for having disjoint amalgamation): 

(c)' FRi = {(M, iV, I) : M <^^, A^, I C N\M empty or a singleton {a} and if 
(a/ =^^) ^ M/ then tp^^^ (a, M, A^) has no minimal extension, i.e. and 
tp^^((a/ [Mj =^^), {N/ =f )) has no minimal extension} 

(e) (Ml, A''!, Ji) <i (M2,A^27 J2) when: clauses (i),(ii),(iii) there and 
(iv) if 6 G Ji and (Va G Mi)(^a b) then (Va G M2)(-a b). 



4-12 Observation. Without loss of generality K has (jep)^ and for every M G Kx 
there is p G S^^^{M) with no minimal extension. 



Proof. Why? 

Because if (p*, M*) are as required we can replace Ahj A* = ^ \ {M G K: there 
is a <^-embedding of into M}. Clearly ^* satisfies the older requirements and 
if /i is a <j^-embedding of into M G .^^ then h{p^) can be extended to some 
p G (M) = (M) as required. Why it can be extended? As any triples 

(M, A^, a) G K^'"^^ with no minimal extension has the extension property, see VI. 
^^^E46-2b.7^^(l). 04.12 
The first step is to prove that (and its proof includes a proof of 4.6). 

4.13 Claim, u is a nice construction framework (if it is as in 4-12). 



Proof. Clauses (A),(B),(C) of Definition 1.2 are obvious. Also (D)i = (0)2 and 
(E)i = (E)2 as FRi = FRi and <i=<2. Now (D)i(a), (b), (c), (e) and (E)i(a), 
(b)(a), (c), (d) holds by the definition of u. Concerning (D)i(d), by assumption 
(e) of Lemma 4.10 clearly FR^ 7^ and by Observation 4.12 we have [M G Kx =^ 
(M, A^, a) G FRi for some pair (A^, I)], i.e. (D)i(d) holds. As Rx has amalgamation 
and (D)i(d) holds, clearly 

(*) if M A^ then for some pair (A^', J) we have A^ <si^ N' and (M, A^', J) G 
FR+. 
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Concerning (E) i (b) {(3) , just remember that =t- is a fake equality, recalling subclause 
(iii) of clause (e) of Definition 4.5. Now the main point is amalgamation = clause 
(F) of Definition 1.2. We first ignore the =r and disjointness, that is, we work in 

not easily this suffices. So we assume that (Mq, M^, Jg) G FR^ for £ = 1, 2 
and by (*) above without loss of generality £ = 1, 2 ^ 7^ so let = {ag}. Let 
pe = tpsi^ {ag, Mo, Mi) and by VI. ^^^^E46-la.43 ^^^^(1) we can find a reduced 
(M^,M{,ai) e i^rj"'" which is <na-above (Mo,Mi,ai). We can apply Claim VI. 
^^iiiE46-2b.7 ^^(1) because: first Hypothesis VI. ^^^E46-2b.O holds 
(as ^ is an a.e.c, LS(.^) < A and Kx 7^ 0) and, second, (amg)^ holds by assumption 
(d) of 4.10. So by VI. ^^^^E46-2b.7 ^^^^(1), the extension property for such 
types (i.e. ones with no minimal extensions) holds, so there are M2 such that 
Mq M2 and <^-embedding g of M2 into M2 over Mq such that 5^(02) ^ Mq. 

Again by VI. ^^i^E46-2b.7 ^^^(1) we can find M[' e Kx such that <^ 
M" and / which is a <^-embedding of M[ into M[' such that /(ai) ^ M2. 

By the definition of "(M^, M(, a) is reduced", see Definition VI. ^^^E46-la.34 
it follows that f{M{) f] = M^, so M[nM^ = M^. In particular /(ai) E 
M2 A g{a2) ^ f{M[) so we are done. Now the result with disjointness follows 
because =r is a fake equality. □4.13 



4.14 Claim. 1) u has the vertical coding property, see Definition 2.9(5). 

2) If (M, iV, I) e FRJ and a el & 6 G M ^ ^(a h) then this triple has the 
true vertical coding^ property (see Definition 2.9(1B). 

3) ^x+ has a superlimit model which is saturated. 

4) For almost2 every (M, J,f) G K^^ the model Mq is saturated. 

5) Every (M, J,f) G K^^ has the vertical coding property (see Definition 2.9(3)) 
when Mx+ G ^x+ is saturated. 

6) For some u — ^-appropriate function f), for every M G the model Mj 
have cardinality A"*""*" and the set a/ =^ has cardinality A"*""*" for every a E M . 



Proof. 1) Follows by part (3), (4), (5). 

2) By the choice of FR" for some a, I = {a} and the type tp^^ (a, M, A^) has 
no minimal extension. To prove the true vertical coding property assume that 
((Mf : i < f3),{Jf : i < f3)) for £=1,2 and (I, : z < /3) are as in Definition 2.9(1), 
i.e., they form a u-free (/3, l)-rectangle with (M, A, {a}) (Mq , Mq , Iq); i.e. there 
is d, a u-free (/3, l)-rectangle such that M^q = M/, M^^ = Mf, J^^ = jf , I^^ = 1^). 

So M <.f^^ M^, A Mj.ae A\M^ and h = {a}. As tpj^^(a, M, A) has no 
minimal extension we can find Mp_^^ such that M^ ^p+i ^PAx (o, M^, M|) 
has at least two non-algebraic extensions in ^^^{M^), hence we can choose pi ^ 
Vi ^ extending tp^^ (a. Mi, Mi). Now treating equality as congruence 
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without loss of generality M^^^ fl M| = and there are A^^, A^^ G Kx such that 
M^+i <^ iV^ M| <^ iV^ and tp^, (a, M^^^, iV,) = for £ = 1,2. 
Letting M^'_^-^ := Ng we are done. 

3) If A is categorical in A"*" then the desired conclusion holds as every M G Rx+ is 
saturated above A by clause (g) of the assumption of 4.10. If K only has a superlimit 
model in Kx+ as there is a M' G ^x+ saturated above A, necessarily the superlimit 
M' G ^x+ is saturated above A by VI. ^^^E46-2b.l3 ^^^(4). 

4) We prove the existence of for the "almost2" (or use the proof of 4.3(1)). 
Now recalling (*)4 of 1.22(1) for each M G Kx with universe G [A"*"^]^, we can 
choose a sequence {pM,ct '■ ct < A+) listing y^^{M). When defining the value 
QiM\j\i\M^ \ (5 + fi(5) + 1)),J2 \ (5 + fi(5),I r (5 + fi(5) + 1),^), see 
Definition 1.22(l)(c) we just realize all j with i,j < 6. Recalling that by part 
(3) the union of a < ^-increasing sequence of length < A"'""'" of saturated members 
of Kx+ is saturated, we are done. 

5) Holds by Observation 2.10(1). 

6) Easy, as in 4.7(3). 04.14 



Continuation of the Proof of 4-10. By the 1.19, 4.13, 4.14(1) we can apply Theorem 
2.11. 04.10 



4-15 Remark. So we have finished proving 4.10. 



(C) The symmetry property of PCkq classes 

Here we pay a debt from Theorem I. ^^^^88r-5.23 ^^^^(1), so naturally we 
assume knowledge of I§5; of course later results supercede this. Also we can avoid 
this subsection altogether, dealing with the derived good Kg-frame in III. ^^^^600- 
Ex.l 

4.16 Theorem. /(K2,i^) > /Uunif(N2, 2^i) moreover i{)k2, ^{^i-saturated)) > ;Uunif(^2, 2^^; 
when : 

® (a) (set theory) 

(a) 2^0 < 2^1 < 2^0 and 

(/3) WDmld(Ki) is not )^2-saturated 
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(6) ^, an a.e.c, is )XQ-representahle, i.e., is VC-^^-a.e.c, see Definition I. 

(c) ^ is as in I. ..^^88r-4.5^^^, I. ..^^88r-5.0^^^ 

(d) ^ fails the symmetry property or the uniqueness of two sided 

stable amalgamation, see Definition I. ^.^^^88r-5.21 

alently 

(d) ' K fails the uniqueness of one-sided amalgamation 

(e) D is countable, see Definition I. ..^^^88r-5.1 /. - 

5.6.1 and 111^3 (B). 



eqmv- 



\88r- 



Remark. 1) On omitting "WDmld(Ki) is not K2-saturated" , see Conclusion 4.35. 
2) Clause (e) of 4.16 is reasonable as we can without loss of generality assume it by 
Observation I. ^^^88r-5.23.8 



Proof. Let A = Kq, without loss of generality 

(/) for M ^ K, any finite sequence is coded by an element. 

Now by III§3 (B), i.e. III. ^^^^ we have Sj^p, which we call 

5 = s.f^ = s^, is a good Ko-frame as defined (and proved) there, moreover 5a is 
type-full and = A. 

The proof is broken, as in other cases, i.e., we prove it by Theorem 2.3 which is 
O.K. as by 4.18 + 4.19 below its assumptions holds. 



Remark. Note in the following definition FRi, FR2 are quite different even though 
<i, <u are the same, except the domain. 



4.17 Definition. We define u = u| by 

(a) 9 = 9u = Ki 

(b) i^u = so = ^ 

(c) FR2 is the family of triples (M, A^, J) such that: 

(a) M<siNeKi^, 

{(3) J C A^\M and |J| < 1 
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id) (Mi,iVi,Ji) <2 (M2,iV2,J2) iff 
(a) both are from FRi 
(13) Ml <^ M2 and A^i <k N2 
(7) J1CJ2 

(5) if c G J then gtp(c, M2, A^2) is the stationarization of gtp(c, Mi, A^i) 

(e) FRi is the class of triples (M, N, J) such that 
(a) M <^ are countable 

J C N\M or, less pedantically, J C ^>A^\^>M 
(7) if |J| > 1 then J = ^>A^\'^>M and is (D(M), Ko)*-homogeneous 

(/) <i is defined as in clause (d) but on FR2. 

4.18 Claim. 1) u is a nice construction framework. 

2) For almost2 all triples (M, J,f) G K'^ the model M is saturated (for 

Proof. 1) The main points are: 

(M, A^, J) G FR2 and 7i< w ^ (M„, N^, J„) <2 (M, A^, J) when: 
(a) (M„,Ar,,J„)G FR2 

(6) (M„, N^, J„) <2 (M„+i, A^^+i, J„+i) forn < w 
(c) M = U{M^ : n < w} 

(rf) A^ = U{A^n -.rKu)} 
(e) J = U{Jn : n < w}. 

[ Why ^1 holds ? See 1. ^^^88r-5.13 ^^(9).] 

^2 (M, A^, J) G FRi and n < w ^ (M^, A^„, J„) <i (M, A^, J) when 
(a) (M,,Ar„,J„)G FRi 

(6) (M„, A^„, Jn) <i (M„+i, A^„+i, J„+i) forn < 
(c) M = U{M^ : n< c^} 
(<i) A^ = U{A^„ : n < 
(e) J = U{Jn : n < w}. 
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[Why does KI2 holds? If |J| < 1 then the proof is similar to the one in Kli, so assume 
that I J| > 1, so as n < w ^ C Jn+i by clause (b) of KI2 and J = U{Jn : n < u} 
by clause (e) of the KI2 necessarily for some n, |Jn| > 1, so without loss of generality 
|Jn| > 1 for every n < uj. So by the definition of FRi, we have: 

(*)i J. = ->(iV,)r>(M„) 

(*)2 Nn is (D(Mn), Ko)*-homogeneous. 

Hence easily 

(*)3 J = ^>A^\'^>M 
and as in the proof of Kli clearly 

(*)4 if 71 < a; and c G then gtp(c, M, A^) is the stationarization of gtp(c, M^, A^^)- 

So the demands for "(M^,A^^,J^) <i (M, A^, J)" holds except that we have to 
verify 

(*)5 is (D(M), Ko)*-homogeneous. 

[Why this holds? Assume A^ <i^^^ N+, a G '^>N, b G '^>{N+). So gtp(a^6, M, N+) G 

D(M), hence by I. -^^^88r-5.13^^^^(9) it is the stationarization of gtp(a"6, M^^, A^"*") 
for some no < Also for some ni < cu, we have a G '^^(A^^J. Now some n < iv is 
> no, ni, so by (*)i + (*)2 for some b' G '^^(A^n) the type gtp(a'~6', M^, A^^) is equal 
to gtp(a"6, M^, A^+) so b' G Jn- But by (*)4, also the type gtp(a"6', M, A^) is a 
stationarization of gtp(a''6', A^) = gtp(a''6, A^+) hence gtp(a''6', M, A^) = 
gtp(a"6, M, A^+) so we are done.] 
Thus we have finished proving KI2] 

KI3 clause (F) of Definition 1.2 holds. 

[Why K3? By I. ^^^88r-5.20 ^^^.] 

Together we have finished proving u is a nice construction framework. 
2) Note that 

KI4 M^^ G -ftT^^ is saturated when: 

(a) {Ma : a < iVi) is <^-increasing continuous 

(6) a < uji ^ Ma e -RTno 

(c) Ma+i is (D(Mq,), Ko)*-homogeneous for a < ivi 
or just 

(c)' if q: < and p G D(Mq,) is a 1-type then for some (3 G [a,c<;i) and 
some c G M^_|_i, gtp(c, M^, M^_|_i) is the stationarization of p. 
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[Why? Obvious.] 

Let C cui be stationary, so clearly it suffices to prove: 

KI5 there is q as in Definition 1.22(1), 1.23(3) for 5" and our u such that: 
if ((M", J",f") : a < d) is <u''-increasing continuous 1-obeying q 
(and 5 < 9+ is a limit ordinal) then E ^n-^ is saturated. 

[Why? Choose g such that if the pair ((M', J', f), {M", 3", f')) does 1-obey g then 
for every a < d and p G D(M^') we have 

(*) for stationarily many d E S for some i < f"{d) the type gtp(a, M^', Mg_^-_^^) 
is the stationarization of p where J^'_|_j = {a}. 

Now assume that ((M'', J^,f^) : ( < d) is <qs-increasing (for our present u) and 
6 = sup(w) where u = {( : ((M^, J^,fO, (M^+\ J^+\ f'^+^)) does 1-obeys 0}, and 
we should prove that := U{M^ : ^ < 9} is saturated. Without loss of generality 
u contains all odd ordinals < S and S = cf(5). If 5 = Ki this is obvious, and if 
5 = just use non- forking of types, and the criterion in KI4 using (*). So KI5 is 
proved.] 04. is 



4.19 Claim, u has the weak coding property. 



Proof. Clearly by clause {d)' of the assumption, i.e. by Definition I. ^^^■88r-5.21 
^^^(2), (3) there are Ni [i < 2)), Nf^, Nf^' such that: 

(*)i (a) A^o <u A^i and A^q <^ N2 

(b) Ni <u A^;^ and Ng <u A^g' for £ = 1, 2 

(c) No,Ni, N2, A^3 is in one-sided amalgamation, i.e. 

a e ->(Ari) ^ (ATo, A^i, {a}) <l (A^s, A^^, {a}) 
(hence A^i fl A^2 = A^o) 

(d) No, Ni, N2, N^ is in one sided amalgamation 

(e) there are no (A^s, /) such that A'3' <u A^s and / is a <u-embedding 

of A^;^ into A^3 over A^i U A^2- 

Now without loss of generality 

(*)2 (A^o, A^i, J) e FRi where J G '^>(A^i)\^>(A^o) such that |J| > 1. 
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[Why? We can find iVi+ e which is (D(A^i), Ko)*-homo geneous over Ni and 
without loss of generahty f] = Ni = 7V+ n N!^ . Now we can find iVg* 
and A^3** G such that {Ni, N+ , N^^, N^) as well as {Ni, N+ , N!^ , N^*) is in one 
sided stable amalgamation. It follows that (A^Oi ^1^5 ^3 ; ^3*) satisfies all the 
requirements on {Nq, Ni, N2, N^, N^') and in addition the demand in (*)2 so we are 
done.] 

Also without loss of generality 

(*)3 (iVo,iV2,I) e FR2 and |I| = 1 and N2 is (D(iVo), Ko)*-homogeneous. 
[Why? Similarly to 

To prove u has the weak coding we can assume (the saturation is justified by 
4.18(2)) 

(*)4 (M, J, f ) e K^^ and M := U{Ma : a < ui} is saturated for ^. 

Now by renaming without loss of generality 

(*)5 No <si M«(o) and Ni D M ^ No and (iVo,iVi,J) <i (M«(o), iV{, J') and 
Ar(nM = M«(o). 

It suffices to prove that (q;(0), A'^^, J') is as required in 2.2(3). Next by the definition 
of "having the weak coding property" , for our purpose we can assume we are given 
(AT", J") such that 

(*)6 «(0) <5<0Ji and {No,N[,3') <i {Ms,N",3"). 

By the definition of <i we know that 

(*)7 N" is (D(M5),^l;o)*-homogeneous over Ms- 

As U{Mq : a < u>i} is saturated (for K^) we can find P e (5, <^i) such that Mp is 
(D(M5), Ko)*-homogeneous over Mj. 
As ^ is categorical in 

(*)§ there is an isomorphism /o from No onto Ms. 

Similarly using the uniqueness over Nq of a countable (D(Mo), b!;o)*-homogeneous 
model over A^o 

(*)9 there are isomorphisms /i, /2 from A^i, A^2 onto N", Mp respectively extend- 
ing /o- 
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Lastly, Mp, N can be amalgamated over Ms in the following two ways: 

©1 there are M' G Ku such that /' is an isomorphism from onto M' 
extending fi U /2 

02 there are f",M" G Ky^ such that /" is an isomorphism from onto M" 
extedning /i U /2. 

This is clearly enough. The rest should be clear.] 04.19 

Proof of 4-16. By the claims above. 04. i6 

* * * 

(D) Density of K^'^^ when minimal triples are dense 

Having taken care of VI§3,§4 and of I§5, we now deal with proving the non- 
structure results of VI§6, i.e. [Sh 576, §6], relying on 2.3 instead of [Sh 576, §3]. 
Of course, later we prove stronger results but have to work harder, both model 
theoretically (including "s is almost a good A-frame") and set theoretically (using 
(vertical coding in) Theorem 2.11 and §3 rather than (weak coding in) Theorem 
2.3). 

This is used in VI. ^^^E46-6f.l3 

4.20 Theorem. The non-structure results of VI. ^.^^^E46-6f.l3^^^^, Case 1 
holds. 

It details: I{X'^~^,^) > /iumf(A"'""'", 2'^ ) when we are assuming: 



{A) set theoretically: 

(a) 2^ < 2^^ < 2^""^ and 
(6) the weak diamond ideal on d := A"*" is not -saturated 



(B) model theoretically: 

(a) K is an a.e.c, A > LS(.^) 
(6) (a) ^ is categorical in A 

(/3) ^ is categorical in or just has a superlimit model in A"*" 

(c) (a) ^ has amalgamation in A 

{(3) is stable in X or just M e Kx ^ |^^'"(M) | < A 

(d) (a) the minimal types are dense (for M E Kx) 
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for M e Kx the set ^^'"(M) = {p e ^siAM) : p minimal) 
is inevitable 



(7) the M eKl ^™ is saturated above A 
iom 

uniqueness property, i.e. from K^'^^, see VI. ..^^ME46-6f.2\ 



(e) above (by <na) some (M*,A^*,a) G K^'^^ there is no triple with the 



4.21 Remark. 1) Note: every M G Kx+ is saturated above A when the first, stronger 
version of (B)(b)(/3) holds noting (B)(c)(/3)+ (B)(d)(/3). 

2) When we use the weaker version of clause (b)(/3), i.e. "there is superlimit 
M G Kx+" then we have to prove that for almost2 every (M, J, f), the model Mx+ 
is saturated above A which, as in earlier cases, can be done; see VI. ^^^^E46-2b.l3 

3) Concerning clause (B) (d): "the minimal types are dense" , it follows from (amg)A+ 
(stb)A, i.e. from clause (c) recalling VI. ^^^^E46-2b.4 ^^^^(4). 

4) Note that 4.23, 4.24 does not depend on clause (A)(b) of 4.20. 



4.22 Definition. We define u = U4 = u^^ as follows: 
(a) = A+ 

(6) .^u = -^A or pedantically A'x, see Definition 1.10 

(c)i FR'i' is the set of triples (M, A^, I) satisfying M <^ G Ka, I = or I = {a} 
and the type tp^^(a,M, A^) is minimal, pedantically, if a/ =^ ^ M/ =^ 
then tp(a/ M/ N/ is minimal 

(c)2 (Ml, Ari,Ii) <i (M2, Ar2,l2) iff (both are FR^ and) Mi <^ M2, A^i <^ N2 
and Ii C I2 (in the non-trivial cases, equivalently, Ii = I2), pedantically, if 
(a/ ^ M/ =^ then tp(a/ M/ N/ is minimal 

(d) FR^ = FR^ and <^=<i. 



4.23 Claim, u is a nice construction framework which is self-dual. 



Proof. Easy (amalgamation, i.e. clause (F) of Definition 1.2 holds by the proof of 
symmetry in Axiom (E)(f) in proof of Theorem VI. ^^^^E46-8h.l ^^^^). 04.23 
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4.24 Claim. 1) Every {M,NJ) e FRi such that [a e I k b e M ^ b] 

has the true weak coding property (see Definition 2.2(1A)). 

2) u has the weak coding property. 

3) For almost2 every (M, J,f) G K"^^ the model Mg G Kx+ is satuarted above A. 

4) For some u — {0,2} -appropriate function [), for every M G the model 
Mj has cardinality A"'""'" and is saturated above A. 

Proof. 1) Straight. 

2) By part (1) above and part (3) below. 

3) By clauses (B)(c)(a), {(3) of 4.20, clearly there is a M G Kx+ which is saturated 
above A. If in (B)(b)(/9) we assume categoricity in A"*" then every M G Kx+ is 
saturated above A, but then it is obvious that part (1) implies part (2) by 2.10(4) (b). 
For any stationary 5" C 9, we choose 1) such that 

(*) if ((M^, J^, f^), (M^, J^, f^)) does 2-obeys i) then: for stationarily many 
S E S there is successor ordinal i < f^(5) such that Mg_^-_^-^ is <^^-universal 
over M|_|_^ (hence M| is saturated above A and is the superlimit model in 

Alternatively do as in 4.14(4), using VI. ^^^^E46-8h.l 

4) As in 4.7(3). 

Proof of 4.20. By 4.23, 4.24 and Theorem 2.3. ^4.20 

* * * 

(E) Density of K^'^^ for good A-frames 

We now deal with the non-structure proof in III. ^^^^600- nu. 6 that is 

justifying why the density of K^'^'^ holds. 

Before we state the theorem, in order to get rid of the problem of disjoint amal- 
gamation, one of the ways is to note: 

4.25 Definition. Assume that s is a good A-frame (or just an almost good A-frame 
see Definition in 5.2 below or just a pre- A- frame, see VI. ^^^^E46-8h.3 ^^^^). 

1) We say that s has fake equality when has the fake equality see 
Definition 3.17(1) and tps(a,Mi,M2) does not fork over Mq iff Mq <s Mi <s 
M2,a G M2 and letting M; = Mt/ we have (V6 G Mi)(^(a 6)) 



74 



SAHARON SHELAH 



tps(a/ =f 2^ M{, M^) does not fork over M^. 
2) We define s' = (K^', ^J?', IJJ) as foUows: 

s' 

(a) = i^^^, see 1.10 as in 4.5 

so Tfi/ = Tg = Tg U {=t} and a r^'-model M belongs to Kg' iff =;J^ is a 
congruence relation and the model M/ =^ belongs to Kg 

(b) for M' e K,, we let y^,'{M') = {tp^^, (a, M iV') : M' TV' and 
tp,{a/ =f ,MV =f,N'/ =f ) e ^^(MV =f' ) or a e iV'\M' but 
{3beM'){a =r h)} 

(c) tps/(a, M{, M^) does not fork over when M[ <s' and either 
tps(a/ =:f^^, M{ =^'^ ^M'^l =^^) does not fork over Mq/ =-^2 or for some 
be M^we have ^ "a 6" but a ^ M[. 

4.26 Claim. Lets,s' be as in 4.25(2). 

1 ) If s is a good X-frame then 5' is a good X-frame and if s is an almost good X-frame 
then &' is an almost good X-frame; and if s is a pre-X-frame then s' is a pre-X-frame. 
In all cases s' has the fake equality =r • 

2) For > Xj{ii,K^) = \{M'/ ^: M' e Kf^ and is =r-fuller, that is a E M' ^ 
\\M'/ =f \\=fi=\{beM' :a =f b}\}. 

3) IfM' e K^' then M' is X+ -saturated above X for s' iff M' / is X+ -saturated 
above X for s and M' is {X'^ , =T-)-full (recalling 1.10(5A)). 

4.27 Remark. 1) By 4.26(2), the proof of "i{iJ,,K^ ) is > x" here usually gives 

"/(;u,i^^)is>x". 

2) We define 5' such that for some 0-appropriate [), if {{M'^,J'^,f") : a < d~^) is 
<qt-increasing continuous 0-obeying f), then M = [J{Mg : a < d'^} satisfies the 
condition in 4.26(2); it does not really matter if we need {0, 2}-appropriate 1^. 

3) Recall Example 1.12 as an alternative to 4.26(2). 

4) Another way to deal with disjointness is by 5.22, 5.23 below. 

Proof. Easy and see 1.11. 04.26 

4.28 Theorem. Like 4-20 but dealing with s, i.e. replacing clause (B) by clause 
(B)' stated below; that is, i(X++,K^) > Atunif(A++, 2^) when : 

{A) set theoretically: 

(a) 2^ < 2^^ < 2^^^ and 

(6) the weak diamond ideal on d :— A"*" is not -saturated 
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(B)' model theoretic 

(a) $ is a good X-frame (or just an almost good X-frame, see 5.2) with 

(b) density of K^'^'^ fail, i.e. for some (M, N, a) e K^'^^ we have 

(M, N, a) <bs {M', N', a) {M', N', a) ^ K^^'^^^, see Definition 5.3. 



Proof. We apply 2.3, its assumption holds by Definition 4.29 and Claim 4.30 below 
applied to s' from 4.25 by using 4.26. 

4.29 Definition. Let s be as in 4.28 (or just a pre-A-frame). We let u = = 
be defined as 

(a) = A+ 

(6) i^u = 

(c) FR^ = {(M,A^,I) : M 7V,I = or I = {a} where a e iV and 

tp,(a,M,iV) G^,b^(M)} 

{d) <l is defined by (Mi, A^i, Ii) <l (M2, N2, 12) when both are from FR^ , Mi <s 
M2, Ni <s N2, Ii C I2, Ml = M2 n iVi and if Ii = {a} then tps{a, M2, N2) 
does not fork (for s) over Mi (so if I2 = {a^} for £ = 1,2 this means 
(Mi,iVi,ai) <bs (M2,iV2,ai)) 

(e) FR^ = FRy and <^=<i. 



4.30 Claim. Let u = u^/ where s' is from Definition 4-25 or u = $ except when we 
mention equality (or =t-- fuller). 

1) u is a nice construction framework which is self dual. 

2) For almost2 every (M, J, f ) G Kf the model M := U{Mc, : a < X'^} is saturated, 
see Definition 1.22(3C), see 4.3. 

3) u has the weak coding property. 

4) There is a u-0- appropriate function f) such that every M e is X'^ -saturated 
above X and is =t- -fuller (hence M/ =^ has cardinality A"'"'"^. 

5) Moreover, there is a u — {0, 2} -appropriate function i) such that if ((M", J", f") : 
a < A"*""*") obeys t) then for some club E of X'^^ the model Mq is saturated above X 
fordeE and U{M^ : ( < A++} is -fuller. 

6) Also u 
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(a) satisfies (E)i(e), monotonicity (see 1.13(1)) 
{(3) is hereditary (see Definition 3. 17(2), (3)) 

(7) if u = Us,s from 4-25(2) then —r is a fake equality for u, (see Definition 
3.16(1)) 

(5) u is hereditary for the fake equality =r, (see Definition 3.17(4)) 
(e) u is interpolative, see Definition 3.21. 

4.31 Remark. 1) In claim 5.11 we shall deal with the almost good case, (see Defi- 
nition 5.2), the proof below serves there too. 

2) In 4.30, only clause (i?)'(a) from the assumptions of Theorem 4.28 is used except 
in part (3) which uses also clause (B)'(b). 

3) Part (6) of 4.30 is used only in 6.19. 

4) Most parts of 4.30 holds also for u = u^, i.e. we have to omit the statements on 
=T--fuller, fake equality. 

Proof. 1) Note 

Clause (D)/(d) : Given M G Kg, it is not <g-maximal hence there is such that 
M <s N hence by density (Ax(D)(c) of (almost) good A-frames) there is c G 
such that tps(c, M, A^) G ^j^'(M), so (M, A^, a) G FR^, as required. 

Clause (E)p(c) : Preservation under increasing union. 

Holds by axiom {E){h) of Definition of III. -^^^600-1.1 ^^^^ of 5 being a 
good A-frame (and similarly for being an almost good A-frame). 

Clause (F), amalgamation : 

This holds by symmetry axiom {E){i) of Definition III. ^^^^600-1.1 ^^^^ of 

s being a good A-frame (and similarly for s being an almost good A-frame). The 
disjointness is not problematic in proving clause (F) of Definition 1.2 because 

for u = U5 we can prove it (when K is categorical in A, see 5.23, 5.12 below) 
and it follows by our allowing the use of =r or use s' (see 4.30). 

2) We just use 

(*) M is saturated (g .^a+) when 
(a) M = U{M^ : a < A+} 
(6) Ma G Kg is <5-increasing continuous 

(c) if p G =5^J^^(Mq,) then for some /3 G [a, A+) the non-forking exten- 
sion q G ^^^{Mp) of p is realized in Mp^i (or just in some M^.'j G 
(/5,A+)). 
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See III§4; more fully see the proof of part (5). 

3) Let (M, iV, a) e be such that there is no triple (M', iV', a) e which 
is <bs-above it, exists by clause (B)'(b) from Theorem 4.28. Let I = {a}, so if 
(M, N, I) <i (M', TV', V) then (!' = ! = {a} and) (M', TV', a) e K^^^'X^^^'"'! hence 
there are M",Ni,N2 such that (M', A^', I) <i (M",A^£,I) and iVi,iV2 are <s- 
incompatible amalgamations of M'\ N' over M'. This shows that [M' , N' ,1) has 
the true weak coding property. As for almost2 every triple (M, J,f) e Kf,Md = 
Mx+ is saturated, by 2.10(4) and part (5) we get that u has the weak coding 
property. 

4) Easy to check by 1.11 or as in (5). 

5) We choose \) such that: 

lEI if X = ((M^, J^,f^) : C < C(*)) is <qt-increasing continuous and obey f) is 
e < C(*) then 

(a) (M^ <f (M^+^ J^+S f "+^) and let it be witnessed by E, I 

{(3) Mg^l is brimmed over m| for a club of 5 < A"*" 

(7) if C ^ ^ is minimal such that one of the cases occurs, then the demand 
in the first of the cases below holds: 



Case A : There is a G M| such that a/ =:f ^ is C m| and C < ^■ 

Then for some such a', Mp'^ |= "a' 6" (but b ^ Mg), in fact b' G la for some 
a < d large enough. 

Case B : C < ^7 Case A (for C) but for some a < d and p G ,y^^{M^) for no 
£ G [CtO there a G Mq'^ such that tps(a, M|, M^"*" ) is a non- forking extension 
of p for every (3 < d large enough. 

Then for some such (p, a) we have tps(6, m|, Mg"*"^) is a non-forking extension 
of p for every j3 < d large enough. 

Case C : C, < Cases A,B fail for C, and there is a pair {a,p) such that a < 9, p G 
S^^^M^) such that for no £ G [CO is the set S -.^ {5 < d: there is i < ^^+^(5) 
such that tps(aje+i, Mf^^, Mgth^) is a non- forking extension of p} stationary. 

6-\-i ' 

Then for some such pair (a,p), the condition above holds for ^. 



Case D : C = C 

Does not matter. 
6) Easy, too. 



□4.30 
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(F) The better versions of the results : 

Here we prove the better versions of the results, i.e. without using on "WDmId(A"'") 
is A+^-saturated" but relying on later sections. 

Of course, the major point is reproving the results of §4(E), i.e. "non-structure 
for a good A-frame s failing the density of K^'^'^" , we have to rely on §5-§8. 

We also deal with §4(D); here we rely on VI§8, so we get an almost good A-frame 
s (rather than good A-frames). But in §5-§8 we deal also with this more general 
case (and in §7, when we discard a non-structure case, we prove that s is really a 
good A-frame). 

Lastly, we revisit §4(C). 

4.32 Theorem. 1) In Theorem 4-^8 we can omit the assumption (A)(h). 
2) > |Uunif(A"'""'", 2'^''') and moreover /(A++,X"''^) > ^,„if(A++,2^+) for 

u = ul from Definition 4-^9 or u = from Definition 8.3 and any u — {0,2}- 
appropriate function f), when : 

(A) (set theoretic assumption), 2^ < 2'^^ < 2'^^^ 

(B) (model theoretic assumptions) , 

(a) 5 is an almost good X-frame 

(b) 5 is categorical in A 

(c) s is not a good X-frame or s (is a good X-frame which) fail density for 



4.33 Remark. 1) This proves VI. ^^^E46-0z.l from VI. ^^^E46-8h.9 

proving the main theorem VI. ^^^^E46-0z.l 

2) We can phrase the theorem also as: if (A),(B)(a),(B)(b) holds and the /(iir"++) < 
/Uunif(A^''", 2'*') then s is a good A-frame for which K^'^^ is dense in {Kg"^^, <hs) (and 
so has existence for K^'^^). 



Proof. 1) This is a special case of part (2). 

2) Toward contradiction assume that the desired conclusion fail. 

First, the Hypothesis 5.1 of §5 holds for s hence its results. Second, the Hy- 
pothesis 6.1 of §6 apply hence its results. So consider conclusion 6.17(2); its 
assumption "2^^ < 2^^^" holds by assumption (A) here, and its assumption 
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"i{Kl'^+) < //umf(A++, 2^^) for u = Ug for some u- {0, 2}-appropriate ()" holds by 
our present assumption toward contradiction and its assumption "^^ is categorical" 
holds by clause (B)(b) of the assumption of 4.32. 
Hence the conclusion of 6.17 holds which says that 

(*) 5 has existence for K^'^^ for every ^ < A"*", see Definition 6.4. 

Now consider Hypothesis 7.1; now part (1) there (s is an almost good A-frame) 
holds by the present assumption (B)(a), part (2) there was just proven; part (3) 
there (s is categorical in A) holds by the present assumption (B)(b), and lastly, part 
(4) there (disjointness) is proved in 5.23. So Hypothesis 7.1 of §7 holds hence the 
results of that section up to 7.20 apply. 

In particular, WNF^ defined in 7. 3(1), (2) is well defined and by 7.17(1) is a weak 
non- forking relation on ^(i^s) respecting s. Also s is a good A-frame by Lemma 
7.19(1) so the first possibility in clause (B)(c) of 4.32 does not hold. By inspection 
all parts of Hypothesis 8.1 of §8 holds hence the results of that section apply. 

Now in Claim 8.19, its conclusion fails as this means our assumption toward 
contradiction and among its assumptions, clause (a), saying "2'*' < 2^ < 2'*' " 
holds by clause (A) of 4.32, clause (c) saying "i^ is categorical in A" holds by clause 
(B)(b) of 4.32 and clause (d) saying "u = from 8.3 has existence for was 
proved above. So clause (b) of 8.19 fails, i.e. s fails the non-uniqueness for WNFg, 
but by 8.12(1) this implies that we have uniqueness for WNF. 

Lastly, we apply Observation 8.12(2), it has two assumptions, the first "5 has 
existence for , was proved above, and second "s has uniqueness for WNF" has 

just been proved; so the conclusion of 8.12 holds. This means "s has existence for 
j^3,uq„^ so also the second possibility of clause (B)(c) of 4.32 fails; a contradiction. 
04.32 

4.34 Theorem. 1) In Theorem 4-20 we can omit the assumption (A)(h) at least 

if K is categorical in A+ . 

2) /(A++, K"'") > ;Uuoif(A++, 2^^) when : 

{A) (set theoretic) 2^ < 2^^ < 2^^ 

{B) (model theoretic) as in 4-20, but K categorical in A""" 

(C) u = , see Definition 4-22, [) is a u — {0, 2} -appropriate function. 



Remark. This theorem is funny as VI§6 and in particular VI. ^^^■E46-6f.l3 ^^^^ 

is a shortcut, but we prove this by a detour (using VI§8) so in a sense 4.34 is less 
natural than 4.20; but no harm done. 
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Proof. 1) By part (2) and 4.24(4) recalling 4.21(4). 

2) Toward contradiction, assume that the desired conclusion fails. By VI. ^^^^E46- 
8h.l ^^^^ there is an almost good A-frame s such that = A\ and S^^^{M) is 

the set of minimal p e S^^^{M). 

Note that categoricity in A"'" is used in Chapter VI to deduce the stability in A 
for minimal types and the set of minimal types in ^^^(M) being inevitable, but 
this is assumed in clause (B)(d) of the assumption of 4.20, so natural to conjecture 
that it is not needed, see Chapter VI. 

Now using the meaning of the assumption (B)(e) of Theorem 4.20 is that "_ff|'"^ 
is not dense in (K^'^^, <bs)" so we can apply Theorem 4.32 to get the desired result. 

1^4. 34 

4.35 Theorem. 1) In Theorem 4-16 we can weaken the set theoretic assumption, 
omitting the extra assumption (a){(3). 

2) /(K2,i^"''') > /t/unif(K2,2^i) when: 

(a) (set theory) 2^° < 2^^ < 2^^ 
(6) - (e) as in 4.20 

(/) u = u^^ from Definition 4-17 and f) is a u — {0, 2} -appropriate function. 

4.36 Discussion : 1) This completes a promise from I§5. You may say that once we 
prove in III§3(B) that s = s;^ is a good Ko-frame we do not need to deal with ^ 
any more, so no need of 4.35. In addition to keeping promises this is only partially 
true because of the following. 

2) First, arriving to 5"*", see IV§1, we do not know that <s(+)=<.Rt •^s(+)5 because 
this is proved only if s is good"*" (see IV§1). Now by looking at the definitions 
(and III. ^^^^600-Ex.l equality of the various types), we know that s 
being good""" is equivalent to the symmetry property, i.e. every one sided stable 
amalgamation. We prove that its failure implies non-structure in 4.38, 4.39, 4.40 
below. 

3) Another point is that even if s is weakly successful (i.e. we have existence for 
Kg'^'^), we can define NF = NF^ and so we have unique non- forking amalgamation, 
it is not clear that this is equal to the one/two sided stable amalgamation from 
Chapter I. 

4) Also defining 5+'^ as in Chapter III we may hope not to shrink K^^~^'^\ i.e. to get 
all the (No, n)-properties (as in [Sh 87b]). If we start with i/j G L^^^i^(Q) as in [Sh 
48] this seems straight, in general, this is a priori not clear, hopefully see [Sh:F888]. 

5) Concerning (2) above, we like to use 3.14 - 3.20 in the proof as in the proof of 6.14. 
If we have used u — from Definition 4.17, this fails, e.g. it is not self dual. We 
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can change (FR2, <2) to make it symmetric but still it will fail "hereditary", so it is 
natural to use U2 defined in 4.38 below, but then we still need {Ms, Ns, Is) £ FRjj^ 
to ensure Ns is {D{Ms), Ko)*-homogeneous over Ms- This can be done by using 
the game version of the coding property. This is fine but was not our "main road" 
so rather we use the theorem on U3 but use U5 to apply §3. 

A price of using §3 is having to use fake equality. Also together with symmetry, 
we deal with lifting free (a, 0)-rectangles. 

6) To complete the proof of 4.35, by 4.40 it suffices to prove the uniqueness of 
two-sided stable amalgamation. We use §8 and toward this we define WNF*, prove 
that it is a weak non-forking relation of .^^^ respecting s, using the "lifting" from 
§5. Then we can apply §8. 

7) A drawback of 4.35 as well as 4.16 and III§3(B) is that we restrict ourselves 
to a countable D. Now in Chapter I this is justified as it is proved that for some 
increasing continuous sequence (Dq, : a < uji) with each Dq, countable, D = U{Dq : 
a < u>i}, i.e. for every M G i^^c the sequence (Dq,(M) : a < loi) is an increasing 
sequence of sets of types with union D(M). However, from the positive results on 
every Dq, we can deduce positive results on D. See, hopefully, in [Sh:F888]. 

4.37 Remark. 1) Assumption (d) of 4.16 gives: usually {M,N,1) G FR^ has non- 
uniqueness, i.e. when I = N)\{'^'^ M) . We like to work as in 4.32. 

2) So as indirectly there we would like to use 3.24; for this we need the vertical uq- 
invariant whereas we naturally get failure of the semi uq-invariant coding property. 
So we would like to quote 3.20 but this requires u to be self dual. 

3) Hence use also a relative of u from 4.41, for it we prove the implication and from 
this deduce what we need for the old. 

4) Our problem is to prove that s — s^o is good""", equivalently prove the symmetry 
property, this is done in Claim 4.40. It is natural to apply 3.13 - 3.24. 

5) The proof of 4.35 will come later. 

4.38 Definition. In 4.35 we define U5 = u^^^ as follows {£ is 1, 2) 

(a) a = au = «i 

(b) = more pedantically = .^^^ 

(c)i FRY is the class of triples (M, N, I) such that I C '^>iV\'^>M 
(c)2 (Mi,iVi,Ii) <i (Mi,Ar2,l2) iff both are from FRY,Mi <^ M2,N^ <^ N2 
and c G I ^ gtp(c, M2, A^2) is the stationarization of gtp(c. Mi, A^i) 

(d) FR2 = FRi and <u=<i- 
Now we have to repeat various things. 
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4.39 Claim. 1) is a nice construction framework. 

2) For almost2 every triples (M, J, f ) G the model Mg = Mx+ belongs to Kx+ 
and is saturated. 

3) U5 has fake equality =r and is m,onotonic, see Definition (1.13(1)), and weakly 
hereditary for the fake equality —t, see Definition 3.17(5) and interpolative (see 
Definition 3.21). 

Proof. Should be clear (e.g. part (2) as in 6.2). □4.39 

4.40 Claim. /(A++,J^) > Atunif(^2, 2^°) and moreover /(K2,.ft(^^i — saturated)) > 
/^umf(^^2, 2^2) when : 

® {a){a), (6), (c), (e) from 4. 16 and 

{d)" [a) ^ fails the symmetry property or 

(P) ^ fails the lifting property, see Definition 4-4^ below. 

4.41 Definition. We define a 4-place relation WNF* on K^^ as follows: 

WNF* (Mo, Ml, M2, M3) when 

(a) Mi e Kn^ for £ < 3 

(b) Mo <^ Mi <^ M3 for £ = 1,2 

(c) for £ = 1,2 if a e '^^(M^) then gtp(a, M3_^, M3) is the stationarization of 
gtp(a. Mo, M3) = gtp(a. Mo, M^). 

4.42 Definition. We say that WNF*) has the lifting property when WNF* sat- 
isfies clause (g) of Definition 7.18, see the proof of 7.18, i.e. if WNF^(Mo, iVo, Mi, A^i) 
and a < and (Mo^j : i < a) is <g-increasing continuous, Mq^q = Mo and 
-^0 <i?A'-^o,a then we can find a <^p^ -increasing continuous sequence (Mi^j : 
i < a + 1) such that Mi^o = Mi,Ni <^ Mi^^+i and for each z < o; we have 
WNF,(Mo,i,Mo,i+i,Mi,i,Mi,i+i) for i < a. 

Proof of 4-40- We start as in the proof of 4.16, choosing the good ^l;o-frame s = s^o 
and define u = u| as there, (except having the fake inequality which causes no 
problem), so it is a nice construction framework by 4.18(1) and for almost2 all 
triples (M, J,f) G the model M e is saturated (by 4.18(2)). 

Now Theorem 3.24 gives the right conclusion, so to suffice to verify its assump- 
tions. Of course, u is as required in Hypothesis 3.1. 
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Clause (a) there means 2^" < 2^° < 2^^ (^^g = we choose 9 — Kq), 

which holds by clause (a) (a) of the present claim. 

Clause (c) there says that for {0, 2}-almost every (M, J, f ) G the model 
Mq G K^^ is -PCu-model homogeneous; this holds and can be proved as in 6.2. 

We are left with clause (b), i.e. we have to prove that some (M, A^, I) G 
FR" has the vertical uq-invariant coding property, see Definition 3.10. Choose 
{M,N,I) G FR!,' such that |I| > 1, hence is (D(M), A^)*-homogeneous and 
I = (^''A^)\('^^M) and we shall prove that it has the vertical uq-invariant coding, 
so assume 

(*) do is a u-free (ofd, 0)-rectangle satisfying M <s M' = M^q and -^^(d) o 
N = M. 

We have to find d as required in Definition 3.10. 

Note that by the choice of (M, A^, I) , and the assumption fails the symmetry 
property" we can find (M^, A^^.) and then c 

(*)2 (a) M <s <s A^* and A^ <s 

(b) M, A^, M*, is in one-sided stable amalgamation, i.e. if 6 G '^^A^ 

then gtp(6, M^, A^*) is the stationarization of gtp(6, M, A^) 

(c) M, M*, A^, A^* is not in one sided stable amalgamation, so 

(c)"'" c G ^^{M^) and gtp(c, A^, A^*) is not the stationarization of gtp(c, M, M^). 

We like to apply the semi version, i.e. Definition 3.14 and Claim 3.20. There are 
technical difficulties so we apply it to U5, see 4.38, 4.39 above and in the end increase 
the models to have the triples in FR^ and use 3.23 instead of 3.20, so all should be 
clear. 

Alternatively, works only with U5 but use the game version of the coding theorem. 

04.40 

4.43 Claim. 1) If (^jWNF^) has lifting, see Definition 4-41, then WNF* is a 
weak non-forking relationg of A^i^ respecting s with disjointness (7.18(3)). 

2) WNF^ is a pseudo non-forking relation of A^i^ respecting s meaning clauses (a)- 
(f) with disjointness, see the proof or see Definition 7. 18(4), (3). 

3) If satisfies symmetry then in clause (c) of Definition 4-4^! 'ii '^s enough if it 
holds for one I. 



Proof. 1) We should check all the clauses of Definition 7.18, so see III. ^^^MGOO- 
nf.OX fe^^ or the proof of 7.17(1). 
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Clause (a) : WNF* is a 4-place relation on ^^o- 
[Why? By Definition 4.41, in particular clause (a).] 

Clause (b) : WNF*(Mo, Mi, M2, M3) implies Mq <^ <^ M3 for £ = 1,2 and is 
preserved by isomorphisms. 

[Why? By Definition 4.41, in particular clause (c).] 
Clause (c) : Monotonicity 

[Why? By properties of gtp, see I. ^^^^88r-5.13 

Clause (d) : Symmetry 
[Why? Read Definition 4.41.] 

Clause (e) : Long Transitivity 

As in the proof of I. -^^^88r-5.19 

Clause (f) : Existence 

This is proved in I. ^^^^88r-5.22 

Clause (g) : Lifting, see Definition 4.41. 
This holds by an assumption. 
WNF^, respects s and has disjointness . 
Clear by the definition (in particular of gtp). 

2) The proof included in the proof of part (1). 

3) Should be clear. □4.43 



Proof of 4-35. Let A = and toward contradiction assume that /(A"'""'", .^(A"""- 
saturated)) < ;Uunif(A++, 2^). 

As in the proof of 4.16, by III. ^^^^600-Ex.l ^^^^ s : = s^^ is a good A-frame 
categorical in A. By Theorem 4.32, recalling our assumption toward contradiction, 
Kg'^'^ is dense in Kg'^^ hence s has existence for Kg'^'^; i.e. is weakly successful, 
but we shall not use this. 

By 4.40 we know that K has the symmetry property, hence the two-sided stable 
amalgamation fails uniqueness. Also by 4.40 we know that it has the lifting prop- 
erty, so by 4.43, 4.40 we know that WNF* is a weak non-forking relation on .ft^o 
which respects s, so Hypothesis 8.1 holds. 

Let u be defined as in 8.3 (for our given s and WNF*). Now we try to apply 
Theorem 8.19. Its conclusion fails by our assumption toward contradiction and 
clause (a),(b),(c) there holds. So clause (b) there fails so by 8.12(1). So we can 
conclude that we have uniqueness for WNF* by 8.12(2) clearly s has existence for 
Kg" i.e. is weakly successful. 

So 3+ is a well defined good A^-frame, see Chapter IV. By III§8, Chapter IV 
and our assumption toward contradiction, we know that s is successful. Now if s is 
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not good+ then ^ fails the symmetry property hence by 4.40 we get contradiction, 
so ncessarily s is good+ hence we have <s(+)=<st -^s(+)- This proves that the 
saturated M G .^a+ is super hmit (see Chapter IV also this is I. ^^^^88r-5.24 

55 On almost good A-frames 



Accepting "WDmId(9) is not ^"'"-saturated" where 9 = A"*" we have accomplished 
in §4 the applications we promised. Otherwise for III§5 we have to prove for a good 
A-frame s that among the triples {M,N,a) G K^'^^ ., the ones with uniqueness are 
not dense, as otherwise non-structure in A"*""*" follows. Toward this (in this section) 
we have to do some (positive structure side) work which may be of self interest. 
Now in the case we get s in III§3 starting from [Sh 576] or better from VI§8, but 
with As = A rather than A^ = A"*", we have to start with an almost good A-frames 
s rather than with good A-frames. However, there is a price: for eliminating the 
non-9"'"-saturation of the weak diamond ideal and for using the " almost A-good" 
version, we have to work more. 

First, we shall not directly try to prove density of uniqueness triples (M, A^, J) 
but just the density of poor relatives like Ks'^^ . 

Second, we have to prove some positive results, particularly in the almost good 
A-frame case. This is done here in §5 and more is done in §7 assuming existence 
for justified by the non-structure result in §6 and the complimentary full 

non-structure result is proved in §8. 

5.1 Hypothesis, s is an almost good A-frame (usually categorical in A) and for 
transparency s has disjointness, see Definitions 5.2, 5.5 below; the disjointness is 
justified in the Discussion 5.6 and not used in 5.21 - 5.25 which in fact prove it and 
let d = A+. 

5.2 Definition, "s is an almost good A-frame" is defined as in III. ^^^^600-1.1 

^^^^ except that we weaken (E)(c) to (E)(c)~ and strengthen (D)(d) to (D)(d)"'" 
where (recall tpg = tp^^ ) : 

Ax(E)(c)~ : the local character 

if {Mi : i < d + 1) is <g-increasing continuous and the set {i < d : Ni <l A^+i, 
i.e. Ai_|_i is universal over Ni} is unbounded in S then for some a G Ms+i the type 
tps(a, Ms, Ms+i) belongs to y^^{Ms) and does not fork over Mi for some i < d 
Ax(L>)(d)+ if M G i^Ts then (M) has cardinality < A 
(for good A-frame this holds by III. ^^^^600-4a.l ^^^^). 



As in Chapter III 
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5.3 Definition. 1) K^'^^ is the class of triples (M, N, a) such that M <s N and 
a e N\M. 

2) ^bs^^^^'^ is the following two-place relation (really partial order) on K^'^^ . We let 
(Ml, iVi, ai) <bs (M2, iV2, as) iff ai = 03, Mi <3 M2, TVi <5 iVa and tp3(ai, iVi, ATa) 
does not fork over Mi. 

5.4 Claim, K^'^^ and <bs a'^e preserved by isomorphisms. 

2) <bs ^■s a partial order on Kg'^^. 

3) If {{Ma, Not, a) : a < S) is <\ys-increasing and 5 < is a limit ordinal and 
Ms := U{Ma : a < S},Ns := U{Na : a < S} then a < S ^ {M^^Na^a) <bs 
{Ms,Ns,a) e K^'^^ (using Ax(E)(h)). 

Proof. Easy. 05.4 

5.5 Definition. We say s has disjointness or is disjoint when: 

(a) strengthen Ax(C), i.e. has disjoint amalgamation which means that: if 
Mq <s Ml for £=1,2 and Mi n M2 = Mq then for some M^ e Kg we have 
Ml <s Ms for £ = 0, 1, 2 

(6) strengthen Ax(E)(i) by disjointness: if above wc assume in addition that 

(Mo, M^, ai) e for £ = 1, 2 then we can add (Mq, M^, ai) <bs (Mg-^, M^, a^) 

for £ = 1,2. 

5.6 Discussion : How "expensive" is the (assumption of) disjoint amalgamation (in 
Ax(C) and Ax(E)(i))? 

1) We can "get it for free" by using ^ and 5', see Definition 1.10 and 4.25(2) so we 
assume it. 

2) Alternatively we can prove it assuming categoricity in A (see 5.23 which relies 
on 5.22). 

3) So usually we shall ignore this point. 

5. 7 Exercise. There is a good A-frame without disjoint amalgamation. 

[Hint: Let 

®i (a) T = {F},F a unary function 

(6) ijj the first order sentence (V,t, y)[F{x) ^ x l\ F{y) ^ y — >■ F{x) = 
Fiy)]A{{yx)[F{Fix)) = Fix)] 
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(c) K = {M : M isa r-model of ip}, so M e K ^ \v{M) \ < 1 where we 

let (p(x) = (3y)(F(y) = xAy^x) 

(d) M <^ AT' iff M C AT are from K and (p{M) = (p{N) n M. 
Now note 

^ := (X, is an a.e.c. with LS(^) = Hq 
(*)2 ^ has amalgamation. 

[Why? If Mo <^ Mi for £ = 1,2, then separate the proof to three cases: the first 
when v?(Mo) = (/?(Mi) = (/^(Ma) = the second when |(/?(Mi)| + |</7(M2)| = 1 and 
<^(Mo) = 0; in the third case (p{Mo) = (fi{Mi) = (p{M2) is a singleton.] 
So 

(*)3 .ftA=(^A,<^ri^A). 

Now we define s by letting 

(*)4 (a) = i^A 

(6) i^^^^ := {(M, iV, a) : M iV, a G iV\M\^(iV)} 

(c) for Ml <^ M2 <^ M3 and a G M3 we say tpj^(a, M2, M3) does not 
fork over Mi iff a ^ M2 & F^3{a) ^ M2\Mi. 

Lastly 

(*)5 s is a good A-frame. 
[Why? Check. E.g. 

AxfD)fc) : Density 

So assume M <s N now if there is a G N\M\p{M) then a tp(a, M,Ar) g 
y^^{M) so a is as required. Otherwise, as M 7^ M necessary (p{N) is non-empty 
and C N\M, let it be {b}. By the definition of ip there is a G such that 
F^{a) = 6 A a ^ 6 so necessarily a ^ M and is as required.] 

Ax(E)(c) : Uniqueness 
The point is that: 

{*)q if ^{M) = then S^^^{M) contains just two types pi,P2 such that if pi = 
tp(a, M, A^) ^ then ^ = 1 ^ F^(a) = a G Ar\M and £ = 2^ F^{a) e 

N\M\{a} 

if v?(M) = {6} then y^^{M) contains just two types pi,P2 such that pi is 
as above and p2 — tp(a, M, A^) ^ (a) = b 
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(*)8 there are Mq <^ Mi = M2 such that <^(Mi) 7^ = ip{Mo) and let ifiMi) = 
{b} for £ = 1, 2 so 6 G M^\Mo. So we cannot disjointly amalgamate Mi, M2 
over Mq. 

[Why? Think.] 

So we are done with Example 5.7.] 

Recalling III. ^^^600-0.21 III. ^^^600-0.22 

5.8 Claim. 1) For n = cf(K) < A 

(a) there is a (A, k) -brimmed M E Kg, fo^ct (A, k) -brimmed over Mq for any 
pregiven Mq G 

(6) M is unique up to isomorphism over Mq (but we fix k) 

(c) if M E is (A, k) -brimmed over Mq then it is <s-universal over Mq. 

2) So the superlimit M E is [X, -brimmed for every k < cf(K) < A hence is 
brimmed. 

3) If K = d{K) < A and Mi <s M2 are both (A, K)-brimmed and T C ^J^^(M2) has 
cardinality < k and every p G F does not fork over Mi then there is an isomorphism 
f from M2 onto Mi such that p eT ^ f{p) = p \ Mi. 



Proof. 1) By Definition III. ^^^600-0.21 and Claim III. ^^^600-0.22 

^^^^ because ^\ has amalgamation, the JEP recalling III. ^^^^600-1.1 ^^^^ 

and has no -maximal member (having a superlimit model). 

2) By the definition of being brimmed and "superlimit in .^5" which exists by "s is 
almost good A-frame". 

3) Exactly as in the proof of IV. ^^^^705-stg.9 Ds.s 



5.9 Remark. 1) It seems that there is no great harm in weakening (E)(h) to (E)(h)~ 
as in (E)(c)~, but also no urgent need, where:. 

Ax(E)(h)~: assume {Mi : i < d) is <s-increasing continuous and d = sup{z : 
Mi+i is <s-universal over MJ. If p G {Ms) a.nd i < d ^ p \ Mi e y^%Mi) 
thenp e y^%Ms). 

2) That is, if we weaken Ax(E)(h) then we are drawn to further problems. After 
defining u, does <^-increasing sequence {{Mi, Ni.Ji) : i < S) has the union as a 
<£-upper bound? If M^+i is universal over Mi for i < d this is O.K., but using 
triangles in the limit we have a problem; see part (4) below. 

3) Why "no urgent need"? The case which draws us to consider Ax(E)(c)~ is VI§8, 
i.e. by the s derived there satisfies Ax(E)(h). So we may deal with it elsewhere. 
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[Sh:F841]. 

4) When we deal with u derived from such s, i.e. as in part (1) we may demand: 

[A) First, dealing with u-free rectangles and triangles we add 

(a) ifj = when j is a limit ordinal 

(b) 3f^ = when z is a limit ordinal 

(c) it is everywhere universal (each M^^ij^j is <s-universal over M^^ j U 
Mfj^i (or at least each) 

{B) similarly with Kf, i.e. defining (M, J,f) G Kf we add the demands 

(a) = for limit 5 

(b) if 5 e S n E, then d, the (Us)-free (f (5), 0)-rectangle ({Ms+i : i < 
f(5)), {Js+i '■ i < f(^))) is strongly full (defined as below) and so for 
any ^ < A, if A|j and i < j < i{S) and cf(5) = 9 then Ms,j is (A, ^)- 
brimmed over Ms+i- 

(C) similarly for , . 

5.10 Definition. 1) We define u = U3 = as in Definition 4.29, it is denoted by 
u for this section so may be omitted and we may write s-free instead of Ug-free. 

2) We say (M, N, I) e FR^ realizes p when tps(ai, M, N) = p, recalling I = {aj}. 

5.11 Claim. 1) is a nice construction framework which is self-dual. 
2) Also Us is monotonic and hereditary and interpolative. 

5.12 Remark. 1) Here we use "s has disjointness" proved in 5.23. 

2) Even without 5.23, if s = s'^ for some almost good A-frame Si then s has 
disjointness. 

3) Mostly it does not matter if we use Ug,s' from 4.25 (see 6.18) but in prov- 
ing 6.13(1), the use of u^, is preferable; alternatively in defining nice construction 
framework we waive the disjointness, which is a cumbersome but not serious change. 

Proof. As in 4.30 except disjointness which holds by Hypothesis 5.2 and is justified 
by 5.6 above, (or see 5.23 below). ^b.ii 

5.13 Remark. Because we assume on s only that it is an almost good A-frame we 
have to be more careful as (E)(c) may fail, in particular in proving brimmness in 
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triangles of the right kind. I.e. for a u-free (a, (3)- triangle d, we need that in the 
"vertical sequence", {Mf^ : i < ap) the highest model M^^ ^ is brimmed over the 

lowest Mqi^. This motivates the following. 

5.14 Definition. 1) We say M is a (r, 5)-correct sequence when: V C S^^^{Ms), 
the sequence M = (Mq, : a < is <s-increasing continuous, 5 < a{*) and: 
'■d N & Kg satisfies Ms <s N then for some c G N\Ms and a < 5 the type 
tp5(c, Ms, N) does not fork over Ma and belongs to F. 

2) We omit 6 when this holds for every limit 6 < a{*). 

3) We say T is M-inevitable when T C y^^{M) and: if M <s N then some 
P e y^^{M) n r is reahzed in N. 

4) Using a function S^* instead of F we mean we use F = S^*{Ms). 

5) We may omit F (and write 5-correct) above when F is S^^^. 

6) For M = (M« : a < a{*)) let correctr(M) = {d < a{*) : M is (5, F)-correct so 5 
is a limit ordinal} and we may omit F if F = ^^^'^(Mq,^*)). 

7) If d is a Us-free (a, /3)-triangle let Fj = {p G ^^^'^(Mq,^^^) : p does not fork over 
Mi J for some j < P,i < aj}. 

5.15 Definition. 1) We say that d is a brimmed (or universal) u^-free or s-free 
triangle when: 

(a) d is a Us-free triangle 

(6) if z < Q!j(d) and j < /3(d) then Mf_^-^^ is brimmed (or universal) over 

2) We say strictly brimmed (universal) when also M^ij_^_i is brimmed/universal 
over Mf_^^ j U M^^^^ when j < /3J < aj{d). 

2A) We say that d is a weakly brimmed (or weakly universal) Uj-free or s-free 
triangle when: 

(a) d is a Ug-free triangle 

(6) if ji < (3d, ii < ctj(d) then we can find a pair {12,32) such that ji < j2 < 
13d, ii < 12 < cii(d) and M!^_^-^^ ,j^_^-^ is brimmed (or is <s-universal) over 
^th or just over M^_^.^. 

2B) We say that d is a weakly brimmed (weakly universal) u^-free rectangle when it 
and its dual (see Definition 1.7(3)) are weakly brimmed u^-free triangles. Similarly 
for brimmed, strictly brimmed, universal, strictly universal. 

3) We say that a Ug-free triangle d is full when: 
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(a) Xs divides Q:^(d)(d) and /3(d) is a limit ordinal and a is continuous or just 
a/3(d)(d) = U{aj{d):j < /3} 

(b) if i < aj(d)J < /3 := /3(d) and p e y^%Mij) then : 

(*) the following subset Sp of Q;/3(d) has order type > where Sp := 
{ii < Q!^(d): for some ji G (j, /3) we have i < ii < aj-^ (d) and for some 
c G Jiiji the type tps(c, Mj^ jj, Mj^+ijJ is a non-forking extension 
of p}. 

3A) We say that the u^-free triangle is strongly full when: 

(a) as in part (3) 

(6) ifi < aj(d) and j < /3(d) andp G ^J^''(M^^) then for A ordinals ii G [i,i+A) 
for some ji G [j2,/3) the type tps(6f^^^-^ , M^J ^-^M^^i^^ J is a non-forking 
extension of p and h < Q!j^(d), of course. 

3B) We say a u^-free rectangle d is full [strongly full] when both d and its dual are 
full [strongly full] u^-free triangles. 

5.16 Observation. 1) If M = (M^ : a < 6) is <s-increasing continuous, 6 a limit 
ordinal and S = supjo! < S : Mq,_|_i or just Mp for some /3 G (a, d), is <s-universal 
over Mq,} then 5 G correct (M). 

2) If ci{6g) = K and = {M^ ■ a < Si) is <s-increasing continuous and hi : k ^ 5i 
is increasing with 5i = sup ( Rang (/i^)) for £ = 0,1 and e < n Mj^^^^^ = M^^^^^ 

then is 5i-correct iff is 52-correct. 

3) Instead of the /ii,/i2 is part (2) it suffices that (Vet < 5e){3(3 < 53_^)(M^ <5 
M^~^) for £ = 1,2. Also instead of "5^-correct" we can use (F, 5£)-correct. 

4) If M = (Mq, : a < 5) is <5-increasing continuous and F^j = {p G y^^'^Ms) : p 
does not fork over Mq, for some a < 5} then M is 5-correct iff M is (5, r)-correct. 

Proof. 1) By Ax(E)(c)~ and the definition of correct (M). 

2),3),4) Read the definitions. Ds.ie 

5.17 Observation. Assume d^®^ is a u^-free (a, 0)-rectangle, dhor is a u^-free (0,/3)- 
rectangle and Mq^q" = Mqq°\ Then there is a pair (d,/) such that: 



(a) d is a strictly brimmed u-free (a, /3)-rcctangle 
(6) d r(0,/3)=dhor 
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(c) / is an isomorphism from d^^^ onto d \ (a^O) over Mqq 

(d) if a is divisible by A and S^"^^ — {a' < a : J^, — 0} is an unbounded 
subset of a of order-type divisible by A (so in particular a is a limit ordinal) 
then we can add d as a triangle is full; we can add strongly full if a' < a =^ 

A = l^^^^^n [a',a' + A]| 

(e) if S'hor < '■ ijg""^ = 0} is an unbounded subset of (3 of order-type 
divisible by A then we can add "dual(d) as a triangle is full" ; and we can 
add strongly fuU if < /3 ^ A = |5hor H /3' + X]\. 



Proof. Easy. Ds.iT 

5.18 Exercise : Show the obvious implication concerning the notions from Definition 
5.15. Let d be a u-free (a, /3)-triangle and e be a u-free (a, /9)-rectangle. 

1) d strictly brimmed implies d is brimmed which implies d is weakly brimmed. 

2) Like (1) replacing brimmed by universal. 

3) If d is strictly brimmed/brimmed/ weakly brimmed then d is strictly univer- 
sal/universal/weakly universal. 

4) If d is strongly full then d is full. 

5) Similarly for the rectangle e. 

6) If e is strictly brimmed/brimmed/weakly brimmed then so is dual(e). 

7) If e is strictly universal/universal/ weakly universal then so is dual(e). 

5.19 The Correctness Claim. 1) Assume 6 < X'^ is a limit ordinal, — (M^ : 
a < S) is <s-increasing continuous sequence for £ = 1,2 and a < S ^ <g 
and Ml — M|. If is S- correct then is S-correct. 

2) Ms is (A, ci{5)) -brimmed over Mq; moreover over Mi for any i < S when : 

(a) S is a limit ordinal divisible by A (the divisibility follows by clause (d)) 

(b) M = (Mq; : a < S) is <s-increasing continuous 

(c) M is {S,T) -correct, so T C. {p e ^^^(M^) : p does not fork over Mq, for 
som,e a < S}, ifV is equal this means S e correct(M), recalling Definition 
5.14(1), (6) 

{d) if a < S and p e {q \ M^, : q e T} C y^^M^,) then : for > A ordinals 
(3 G (a, 5) there is c E M^_|_i such that tps(c, M^, M^_|_i) is a non-forking 
extension of p. 

2A) Mg is {X,cf{d)) -brimmed over Mq when clauses (a),(b) of part (2) holds and 
5 = sup(5') where S — {5' : 5' < 5 and M \ [5' -\- 1) satisfies clauses (a)-(d) from 
part (2)}. 
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3) Assume d is a Ug-free {a, /3) -triangle, (3 is a limit ordinal, a is continuous (or 
just ap = Q!/3(d) = [J{aj+i : j < /?}) and a \ P is not eventually constant, 

(a) if d is brimmed or just weakly universal then {M^ ^ : a < ctp) is ap-correct; 
moreover is correct for {ap,V(\) recalling V^. — {p & y^^[M^^ p) : p does 
not fork over Mf - for some j < (3ji < aj} 

(6) if d is weakly universal and full then Mai3,j3 is brimmed over Mi^p for every 
i < ap. 

3 A) Assume d is an Ug-free {a, P) -rectangle 

(a) if d is brimmed or just weakly universal (see Definition 5. 15 (2 A)) and 
ci{a) = ci{P) > Mo then {Mf^ : i < a) is a-correct and even {a ^V^)- correct 

(b) if in clause (a), d is full then ^ is {X,ci{a)) -brimmed over Mi^p for 
i < a 

(c) if d is strictly brimm,ed (or just strictly universal, see Definition 5.15(2)) 
and strongly full, (see Definition 5.15(3A),(3B)) and }?uj divides a (but no 
requirement on the cofinalities) then ^ is {X, cf {a)) -brimmed over Mf^ 
for every i < a. 

4 ) For M G Kg there is N & Kg which is brimmed over M and is unique up 
to isomorphism over M (so in other words, if Mi is {\, K£)-brimmed over M for 
£ = 1,2 then Ni,N2 are isomorphic over M). 

Proof. 1) Assume M| <5 iV, hence M} <g N so as 6 E correct(M^) necessarily 
for some pair (p, a) we have: a < S and p G J^^^{M^) is reaUzed in N and does 
not fork over M^. As <g <g M| = and montonicity of non- forking it 
follows that "p G y^^Ml) does not fork over Mq" , and, of course, p is realized in 
N. So [p, a) are as required in the definition of "(5 G correct(M^)" . 
2) Similar to III§4 but we give a full self-contained proof. The "moreover" can be 
proved by renaming. 

Let {'^a : o; < 5) be an increasing continuous sequence of subsets of A such that 
\'^o\ = A, \^a+i\'^a\ = ^- We choose a triple (a'*, A^qd /a) by induction on a < 5 
such that: 

© (a) G ^g and A^o = Mq 

(6) /q is a <s-embedding of Mq into 

(c) (A^^ : /? < a) is <g-increasing continuous 

(d) (//3 : /3 < a) is C-increasing continuous and /q — idMo 
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(e) a" = (tti : i e '^«), so /3 < a =^ = a^^ t 

(/) a'* lists the elements of Na each appearing A times 

(g) if q; = /? + 1 then is <s-universal over Np 

(h) ifa = P+l and Wf3 := {i e ^^3: for some c e M«+i\Mq, we 

have f,3{tps{c,Mf3,Ma)) = tps(aj, /^(M^), 7V^)} is not empty 
and ip := min(/^) then a^^ e Rang(/Q,). 

There is no problem to carry the definition; and by clauses (c),(g) of ® obviously 

Ns is (A, cf(5))-brimmed over Nq (hence over /o(Mo)). 

Also by renaming without loss of generality = idM„ for a < 5 hence Ms <s Ng. 

Now if Ms = Ns then by we are done. Otherwise by clause (c) of the assump- 
tion M is (5, r)-correct hence by Definition 5.14(1), for some c G Ns\fsiMs) and 
ao < d the type tpg{c, Mg, Ng) belongs to F C y^^^Mg) and does not fork over 
Mqq. As {Njs : P < 5) is <3-increasing continuous, for some ai < 5 we have c e A^an 
hence for some z* G we have c = a^, . So q;2 := max{Q:o, cki} < 5 and by clause 
(d) of the assumption the set W := {a < d : a > a2 and for some c' G Mq,+i the 
type tps(c', Mq,, Mq,_|_i) is a non-forking extension of tps(c, Mq-^, A^^)} has at least A 
members and is C [a2, S) and by the monotonicity and uniqueness properties of non- 
forking we have W = {a < 5 : a > a2 and some c' G M^+i realizes tpsic, Mq,, A^^) 
in Mq,_|_i}. Now for every a G #^ C [0^2, 5) the set #^ defined in clause (h) of © 
above is not empty, in fact, G hence (3 E W C [a2, d) ^ ip = min(#^) < 
but \W\ = A, so by cardinality consideration for some Pi < P2 from W we have 
i/3i = «/32 but tti^^ G Rang(/^^+i) C Rang(/^J whereas a^^^ ^ Rang(/^J, 
contradiction. 

2A) If a < P E S then by part (2) applied to the sequence {Ma+'y : 7 < /? — ct), 
the model Mp is (A, cf(/9)) -brimmed over Mq, hence Mp is <5-universal over Mq 
by 5.8(1) (c). Choose an increasing continuous sequence {a^ . e < cf(5)) with limit 
5 such that £ < cf(5) =^ cue+i G 5 and ao = 0, so clearly (Mq^ : e < cf(5)) 
exemplifies that Ms is (A, cf(5))-brimmed over Mq. 
3) Clause (a) : 

Note that necessarily ^{ap) — cf(/3) as ci: = {aj : j < P) is non-decreasing and 
a \ P is not eventually constant. 

Let {Ps : £ < cf{ap)), (7^ : £ < cf{ap)) be increasing continuous sequences of 
ordinals with limit P,ap respectively such that 7e < Q!/3^ for every s < cf{ap). 

We now choose a pair {is,js) by induction on e < cf{ap) such that: 

& {(I') je < P is increasing continuous with e 
(6) is < aj^ is increasing continuous with s 
(c) if £ = C + 1 then Mf ■ is <fi-universal over M,^ . 
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(d) if £ = C + 1 then > 7g, je > l3e- 

There is no problem to carry the definition as d is weakly universal, see Definition 
5.15(2A) and a not eventually constant. Now the sequence {ig : e < cf(ct/3)) 
is increasing with limit a 13 (by clause 0(d)), and {js : e < (5) is an increasing 
continuous sequence and has limit (3 (as (ctj : j < j3) is not eventually constant), 
hence 

(*) {Mf-^ : e < ci{(3)) is <s-increasing continuous with union ^. 

Let (icf(/3), Jcf(/3)) := (a/3,/3)- 

So by 0(c) + (*) it follows that {Mf^j^ : e < cf(/5)) satisfies the assumptions 
of claim 5.16(1), hence its conclusion, i.e. the sequence ((M^^^^ : e < cf(/3)) is 
cf(/3)-correct. 

We shall apply part (1) of the present claim 5.19. Now the pair {{Mf^^^^ : e < 
cf(/3)), {Mf^ /3 '■ ^ ^ cf(/3))) satisfies its assumptions hence its conclusion holds and 
it says that {Mf^^^ : e < cf(/?)) is cf(/?)-correct. As {is : e < cf(/?)) is increasing 
continuous with last element = ap and also {M!^^ : i < ap) is <s-increasing 
continuous also {Mfj^ : i < a^) is a^j-correct, by Observation 5.16(2), as required. 

Clause (b) : 

We shall apply part (2) of the present claim on the sequence {Mfp : i < ajj) and 
r = Fd := G S^^^{M^^ : p does not fork over Mfj for some i < aj,j < (3}. 
By the definition of an 5-free triangle it is <s-increasing continuous hence clause 
(b) of part (2) is satisfied. As d is full by clause (a) of Definition 5.15(3) the ordinal 
ctp = ctpid) is divisible by A, i.e. clause (a) of part (2) holds. Clause (c) of the 
assumption of part (2) is satisfied because we have proved clause (a) here. 

As for clause (d) of part (2) let ii < and pi G S^^'^{Mf^ ^) be given; let 
P2 G Td = '^s'^i^ap p) ^ non- forking extension of pi. By the definition of Fd, 
see part (2) we can find j2 < P and 12 < 01 such that p2 does not fork over Mf^ j^. 
By monotonicity, without loss of generality 12 > ii and 12 < aj^. As d is full (see 
clause (b) of Definition 5.15(3)) we can find 5" C [^2, a/3) of order type > A5 such that 
for each i G 5 an ordinal < (3 satisfying j*(i) > j2 and an element c G Jf 
such that i < and tps{c, Mf^^^^-^, Mf^^ j^^^-^) is a non- forking extension of 

P2 r M,*^ • . So by the definition of we have Jf ■ f■^ = |c| and so by the definition 
of "d is a Us-free triangle" we have (M^^^^^, Mf^^^^.^^^^, c) <i (M^^, Mf_^^^^,c). 
Hence {Mfp,Mf_^-^^p,c) realizes a non- forking extension of p2 \ Mi^j^, hence, by 
the uniqueness of non- for king extensions the element c realizes p2 \ Mfp. So S is 
as required in clause (d) of the assumption of part (2). 
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So all the assumptions of part (2) applied to the sequence {M^ ^ : a < ap) and 
the set Fd are satisfied hence its conclusion which says that M^^ ^ is (A,cf(Q;^))- 
brimmed over Mi p for every i < ap. So we are done proving clause (b) hence part 
(3). 

3A) We prove each clause. 
Clause (a) : 

So 9 := ci{a) — cf(/3). Let (ctg : e < ^) be an increasing sequence of ordinals 
with limit a and {jS^ : £ < ^) be an increasing sequence of ordinals with limit 
(3. Now for each e < 6* we can find i G (ae,a) and j G (/3e,/9) such that Mf - is 
<s-universal over M^^ ; this holds as we are assuming d is weakly universal, see 
Definition 5.15(2A). 

By monotonicity without loss of generality i G {a^ : C £ (^)^)} ^^id j G : 
C G (e, 9)}. So without loss of generality ^^^^ is <s-universal over M^^ for 

e < 9. Let ag := a, /^^j = (3. 

Hence by Observation 5.16(1) we have 9 G correct((M^ ^ : £ < ^)) which 
means 9 G correctrd((M^^ : e < 6*)), see 5.16(4). So by part (1) also 9 G 
correct rd((-^a^,/3 '■ £ < 6*)), hence by Observation 5.16(2) also a G correct ((M^*^^ : 
z < a)), as required. 

Clause (b) : 

We can apply part (2) of the present claim to the sequence {Mf^ : i < a). This 
is similar to the proof of clause (b) of part (3), alternatively letting a'j — supjcig : 
s < 9 and /3e < j} for j < P and a' = {a'j : j < /3) use part (3) for the u-free 
triangle d |" (q:,/5), i.e. M'^ = {Mij : j < (3 and i < a^), etc.; this applies to clause 
(a), too. 

Clause (c) : 

Note that "cf(Q:) = cf(/3)" is not assumed. 

We use part (2A) of the present claim, but we elaborate. Let S := {a' < a : a' 
is divisible by A and has cofinality cf(/3)}. 

Now 5' is a subset of a, unbounded (as for every i < a we have i + A(cf(/3)) G 
S U {a} and i + A(cf(/3)) < i + A^ < i + X^ui < a), hence it is enough to show that 
ii <i2 & S ^ Mf^^p is brimmed over Mf^^. 

Now this follows by clause (b) of part (3A) which we have just proved applied 
to d' = d f («2,/3), it is a u-free (z2, /3)-rectangle, it is strongly full hence full and 
cf(i2) = cf(/3) > i^o- So the assumptions of part (2A) holds hence its conclusion so 
we are done. 

4) Let Ki, K2 be regular < A and choose = A^ x k^, for £ = 1,2. Let M e and 
define a u-free (cti, 0)-rectangle by M,°q. = M for i < ai and J(j°o) ~ ^ ^ ^ '^i* 
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Define a u-free (0, 02) -rectangle dhor by -^(^''°) = M for j < ai and I^q = 
for j < ot2- By Observation 5.17 there is a strongly full strictly brimmed u-free 
(«!, a2)-rectangle d such that its dual is strongly full too (and automatically strictly 
brimmed recalling 5.18(6)). 

We can apply clause (c) of part (3A) with (d, ai, a^) here standing for (d, a, /3) 
there; so we can conclude in particular that Ma^^a^ is (A, cf(ai))-brimmed over 
Mq^^ hence over Mq^o = M. But is self-dual so dual(d) is a u^-free (q;2,ch)- 
rectangle, and by the choice of d (recalling 5.17(d)) it is still strongly full and, e.g. 
by 5.18(7) is universal. So applying clause (c) of part (3A) we get that Mq^q^^*^^ 
is (A, cf(Q;2))-brimmed over Mq^^^^^ hence over 

^duai(d) ^ ^ However 

Ma2^af'^ = M^_^ SO this model <s-extend M and is (A, cf(a^) ) -brimmed over it 
for £ = 1,2; this means (A, k^) -brimmed over M. So as for each regular k < A, the 
"(A, k) -brimmed model over M for some regular k < A" is unique up to isomorphism 
over M we conclude that the brimmed model over M is unique, so we are done. 

^5.19 

5.20 Claim. // Mi <g M2 are brimmed and pi G ,y^^{M2) does not fork over 
Ml for z < < As then for some isomorphism tv from M2 onto Mi we have 
i <i^ ^ n{pi) = Pi \ Ml. 

Proof. Easy, by 5.19(4) and 5.8(3), i.e. as in IV. ^^^705-stg.9 ^5.20 

* * * 

Another way to deal with disjointness is through reduced triples (earlier we have 
used 1.10, 1.11, 4.25 (with some repetitions). 

5.21 Definition. 1) Kg'^'^ is the class of triples (M, A^, a) G K^'^^ which are re- 
duced^^ which means: if (M, A^, a) <bs (Mi, A^i, a) G K^'^' then NnMi = M. 

2) We say that s has existence for Kg'^'^ when for every M G Kg and p G S^^^{M) 
there is a pair (A^, a) such that the triple (M, A^, a) G K^'^ realizes p, i.e. p = 
tps(a, M,N). 

3) Let be the minimal ^ from Claim 5.22(4) below for M G K^'^^ which is 
superlimit. 

3A) For M G AT^, let Cs% = Cm be the minimal ^ < A+ in 5.22(4) below for M 
when it exists, 00 otherwise (well defined, i.e. < cx) if s has existence for K^'^ ). 



■^^This is different from our clioice in Definition VI. ^^^^HE46-la.34 I 

is for a given almost good A-frame, there it is for a A-a.e.c. K. 



-(2), but liere tfiis 
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5.22 Claim. 1) For every (M, N, a) e kI'*"" there is (Mi, Ni,a) e K^''^ such that 
(M, N, a) <bs (Ml, Ni, a) and morever Mi, Ni are brimmed over M, N respectively. 

2) Kg'^"^ is closed under increasing unions of length < X^, i.e. if 5 < is a 

limit ordinal and {Mct,Na,a) G Kg'^ is -increasing with a{< d) and Ms := 
U{Mo : a < 6} and Ns := U{Na : a < S} then {Ms,Ns,a) e Kg''"^ and 
a <5 ^ {M^,N^,a) (Ms^Ns^a). 

3) If is categorical (in X) then s has existence for Kg'^'^ . 

4) For every M e Kg and p e y^%M) there are ^ < X'^, a <g-increasing contin- 
uous M = (Mq, : a < ^) and a = {a^ : a < ^) such that Mq = M, M^ is brimmed 

over Mq and each (Mq, Mq,_|_i, Oq) is a reduced member of Kg'^^ and ao realizes p 
in Ml, provided that ^^ s is categorical or M is brimmed (equivalently superlimit) 
or s has existence for Kg'^ . 

5) If {Ml, Ni, a) e kI"^ and {Mi, Ni, a) <bs (M2, N2, a) then M2 n iVi = Mi. 



Proof. 1),2),3) Easy, or see details in [Sh:F841]. 

4) As in the proof of 7.10(2B) using Fodor lemma; for the "M brimmed" case, use 
the moreover from part (1). 

5) By the definitions. 05.22 

5.23 Conclusion. (Disjoint amalgamation) Assume ^g is categorical or just has 
existence for K^'""^ recalhng 5.22(3). If (M, A^^, a^) e for 1=1,2 and A^i n 
N2 = M then there is iVg e Kg such that (M, Ni, 03) <bs {N^-i, N3, ai) for £ = 1,2. 

Hence s has disjointness, see definition 5.5. 

Proof. Straight by 5.22(4) similarly to Observation 5.17 using 5.22(5), of course. 

^5.23 

5.24 Question : Is 5.23 true without categoricity (and without assuming existence 
for kI'"")? 

5.25 Remark. So we can redefine u such that the amalgamation is disjoint by 
restricting ourselves to S[m]-,M G Kg superlimit or assuming 5 has existence for 



■^^Why not ^ < A? The bookkeeping is O.K. but then we have to use Ax(E)(c) in the end, but 
see Exercise 5.26. 
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We can work with u which includes disjointness so this enters the definition of 
kI'^p defined in 6.4, so this is a somewhat different property or, as we prefer, we 
ignore this using as in §1. 



5.26 Exercise : If M is superhmit and (M, N, a) E Kg'^^ then for some <s-increasing 
continuous sequence M = {Ma : a < X) and a = {aa : a < A) , d we have M = 
Mq <s N <s M\ and each (Mq, Mq,+i, a^) e K^'^^ is reduced and a = ao and M\ 
is brimmed over Mq. 



[ Hint : Let = if^a : a < A) be an increasing continuous sequence of subsets of A 
such that I'^ol = A = |'^a_|_i\'^o| and mm{'^ct) > a for a < A and %'x = A. 

Let cii = i for i < A and a* = {aj : j < i). We choose pairs (d/3,p^) by induction 
on P < X such that 



® (a) dp is a u-free (o;^, /?) -triangle 

(b) M-_l^^ is <s-universal over M^_l^^j U M^J^^ when j < P and i < aj 

and Mq is <s-universal over Mq^ when j < /3 

(c) pl^ ^ {pi-.ie "^a) list Ll{y^''{M^J) : j < P,i < aj} each appearing 

A times 

{d) if /3 = 2q; + 1, a G ^£ then 3^^ p ^ letting a be the unique 

member of ^, the type tps(a, p, M^^) is a non-forking 
extension of pa 

(e) if /3 = 2q; + 2 and a e then there is (M^, iV^, e Ks'""^ 
such that (M,%+i,Mf^i,2a+l, Je,2a+l) (M'p, N'^,, 3 p) 
{Mff^.Mf^,^,^3%)] 

(/) Mq^^o = M and (Mo^i, M^^i, J J\) = (M, iV, {a}). 



Now (M^^ : z < A) is as required except "M = Mo,a <s iV <s Mx,x" ■ But 
(M, iV, {a}) = (Mo^l, Mi^i, {a}) <i {M^^^ M,^^, jJ^^J, that is (M, iV, a) <bs (M^^^, a 
and both M and are brimmed cquivalently superlimit, hence by 5.8(3) there is 
an isomorphism tt from M onto M onto mapping tp(a, M, A^) to tp(a, M^^, 
Recalling M^^s brimmed over M^^ we can extend tt to a <5-embedding 7r+ of A'" 
into mapping a to itself, so renaming we are done.] 
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§6 Density of weak version of uniqueness 

We would like to return to "density of Kf'"*^", where 5 is a good A-frame or just 
almost good A-frames, i.e. to eliminate the (weak) extra set theoretic assumption 
in the non-structure results from failure of density of Kg'^^. But we start with 
a notion i^^f'"^, weaker then Kg'^"^ related to weak non-forking relations defined 
later in Definition 7.18. Defining weak non-forking we shall waive uniqueness, but 
still can "lift u^-free (a, 0)-rectangles" . We now look for a dichotomy - either 
a non-structure results applying the theorems of §2 or actually §3, or density of 
^3,up^ Using the last possibility in the subsequent sections §7, §8 we get a similar 
dichotomy with K^'^^. 

It turns out here that what we prove is somewhat weaker than density for Kg'^^ 
in some ways. Mainly we prove it for the K^'^^ version for each ^ < A"*". Actually 

for every M e Kg and p e y^\M) what we find is a triple (Mi, A^i, a) G Kf"^"^ 
such that M <g M2 and the type tps(a. Mi, A^i) is a non- forking extension of p; 
not a serious difference when s is categorical which is reasonable for our purposes. 
Eventually in this section we have to use ^g with fake equality (to apply 3.16), this 
is justified in 6.18. 

Discussion : Why do we deal with kI'^'^ for C < A+ rather than with K^^'"^? The 
point is that, e.g. in the weak/semi/ vertical uq-invariant coding property in §3 (see 
Definitions 3.2, 3.14, 3.10), given (M,J,f) G Kf and (M„(o), iVo, I) e FRj, for 
a club of 5 < 9 we promise the existence of a u-free (a, 0) -rectangle d^, which is 
O.K. for every N5 such that (Mq,(*), A^o, I) <i {Ms, Ns, I). So the failure gives (not 
much more than) that for every u-free (a, 0)-rectangle d and p e '^J^^(M^ o) there 
is a pair {N, I) such that (M, N, I) realizes p and d is what we call uq-orthogonal 
to (M, N, I). We like to invert the quantifiers, i.e. "for p e y^%M) there is (A^, I) 
such that for every d....". Of course, we assume categoricity (of Kg, that is in A), 
but we need to use a "universal d". This is guaranteed by 6.12 for K^'^^ for any 
^ < A""" (but we have to work more for ^ = A"*", i.e. for all ^ < A""" at once, i.e. for 

KI'^P). 

6.1 Hypothesis. 1) As in 5.1 and for transparency s has disjointness. 
2) u = Us, see Definition 5.10, Claim 5.11, so d = A+. 

6.2 Claim. 1) For almost2 all (M, J,f) e K^^ the model Mq belongs to K^+ and 

is saturated (above X). 

2) If 5 has the fake equality =r (e.g. s = t' where t is an almost good X-frame and 
t' is defined as in 4-25(1), u = u^, see 5.10,5.11, then for some u — 0-appropriate 
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[), if ((M", J", f") : a < 9+) is <'^ -increasing continuous and obeys i), then M = 
U{Mj^ ■.a<d+) is =r -fuller. 



Remark. 1) See Definition 1.22. 
2) Compare with 4.30. 



Proof. 1) We choose g as in Definition 1.22(2) such that: 

(*)i if 5 C a is a stationary subset of d and the pair ((M^ f (M^, j2, f2)) 
strictly S'-obeys g then: 

for some club E of d for every 6 E S (1 E, we have 

(a) if i < f^(5) then M|^^^i is <s-universal over Mj^^^^ U M|^^ 

(6) f2((5) is > t^{5) and is divisible by 

(c) if z e [fn(^),f^((^)) then 

(a) M|_,_^_,_j is <5-universal over Mg_^_- 



(P) if p G y's'^iM^^-) then for A ordinals ii G [i, i + A) the type 
tps(aj2^ , M|_|_^, M|_|_^_|_]^) is a non-forking extension of p 

where bj2^ is the unique member of J^_|_j- 



We can find such g. Now 

(*)2 assume ((M", J",f") : a < 5) is <u* -increasing continuous (see Definition 
1.15(4A)) and obey g (i.e. for some^^ stationary 5' C 5 for unboundedly 
many a < 5). Then M| is saturated above A. 

[Why? Let k — d{6), of course < n < X^. 

We can find an increasing continuous sequence (ctg : e < cf{d) = k) of ordinals 
with limit S such that: 

(*)3 ife = C + l<K and e is an even ordinal then a^^i = + 1 and letting 
acf(5) = S the pair ((M"-, J"-, f"-), (M°-+i, J"-+i, f°-+i)) does 5-obey g. 



^^we can use a decreasing sequence of 5's but then we really use the last one only, the point is 
that treat each 5 G S in the same way (rather than dividing it according to tasks, a reasonable 
approach, but not needed here 
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Now clearly 

(*)4 for every e < X'^ satisfying e < k for some club E = of X'^ , for every 
S E S n E we have: 

(o) (f"'^(5) : C < e) is non-decreasing and is continuous 
{b) ds is a u-free (a^, /3)-triangle where = {i°''^{d) : ( < e),P = e 
such that Mf^'^ = for C < < f^^^iS) and J^^ = J^^. for 

C < £,z < f^'^ls) and I^^ = for C < e,^ < ^^^(5). 



Sorting out the definition by 5.14(3A)(a) and the correctness claim 5.19(3)(b), 
clearly: 

(*) for a club of 7 < 9, if 7 e then M^^^^^j.^^ is brimmed over (and 
even M^^- for i < f"''(7)) 

which means that M^_^fg^^s^ is brimmed over M^. 

This is clearly enough. 
2) Should be clear. 06.2 



6.3 Conclusion. For any (M, J,f) G -ftTu* and for stationary S C d there is u — 2- 
appropriate g with = 5" (see 1.22 and 1.23) such that: 

® if ((M",J",f") : a < 9) is <u^-increasing continuous and 2-obeys g such 
that (MO, J0,f0) = (M,J,f) (so f^(5) = sup{f«(5) : a < 5} for a club of 
S <d) then for a club of S < d the model Mf = U{M^ : a < S} e is 
brimmed over Ms = M°. 



Proof. Similar to the proof of 6.2; only the u-free triangle is flipped, i.e. it is a 
dual(u)-free triangle but dual(u) = u. De.a 

6.4 Definition. Let 1 < ^ < if we omit it we mean ^ = A+. 

1) K^^'^P is the class of (M, N, a) e ' which has up-^ -uniqueness, which means: 

® if (M, AT, a) <i (M', A^', a) and d is a u-free (a, 0)-rectangle with a < 
< X+ satisfying {M^q, M^^q) = {M,M') then d can be lifted for 
((M, A^, a), A^') which means: 

□ we can find a u-free (a + 1, l)-rectangle d* and / such that d* f 
(a,0) = d,/(Ar) <, Mo^;,/(a) = afo, i-e. I^fo = {/(a)} and / is a 
<s-embedding of N' into M^^j^ over M' hence also f \ M = idM- 
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2) We say that K^'^"^ is dense (in Ks'^^) or s has density for K^'^^ when for 

every (Mo,iVo,o) e there is (Mi,iVi,a) e i^f'^^ such that (Mq, iVo, a) <bs 

(Mi,iVi,a). 

3) We say that s has (or satisfies) existence for K^'^^ or K^'^^ has (or satisfies) 
existence when : if M e Kg and p G ^j^^(M) then for some pair (A^, a) we have 
(M, iV, a) e kJ'^^p and p = tp^{a, M, N). 

3A) We say that 5 has existence for -ft'f '"^ when s has existence for K^'^^ for every 
C G [1, ^); similarly in the cases below. 

4) Let = n{i^J'^"P : C < e}- 

5) Let 7^^'^P+'''^ be defined as K^'^"^ H K^'^'^ recalling Definition 5.21, and we repeat 
parts (2), (3), (4) for it. 



6.5 Observation. 1) K^'^^ C K^'J'p C K^'"^ recalling Definition 5.21 when 1 < C < 

2) e = A+ ^ = n{K'^:^^ : C e [1, 0}- 

3) The triple (M, iV, a) e i^l'^' does not belong to K^'^^ iff we can find di, d2 such 
that for £ = 1,2 

□ (a) is a u-free {ai, l)-rectangle and a£ < min{^ + 1, A+} 

(b) (Mo^^o,<l,Io:o) = (^,^,W) 

(c) M^l, = Mtl, and M^}, = M = M^}, 

(d) there is no triple (d, /) such that 
(a) d is a u-free (ctd, /5d)-rectangle 

(/?) d t (CKI, 1) = di so Pd > 1, ttd > CKl 

(7) / is a <3-embedding of M^^ into M^^ over 

^ai,o = ^a(dO,o mapping Mq^^i into M^^^^^ and aj^o ^ itself. 



Proof. 0) By the definition; as for a u-free (a, /3)-rectangle or (a, /3)-triangle d we 
have: if z = min{zi,Z2},j = min{ji,j2} and M!^ j^,M!^j^ are well defined then 

1) By the definition (no need of categoricity) . 

2) By 5.8(3). 

3) Straight, recalling that u satisfies monotonicity, (E)(e), see 1.13 but we elaborate. 
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The Direction 

So (M, N, a) belongs to but not to K^'^^^. So by Definition 6.4(1) there is 

{M' , N' ,d) exemphfying the failure of ® from 6.4(1), which means 

(a) (M, iV, a) <l {M\ N', a), i.e. see Definition 5.10, i.e. 4.29, i.e. 

M = n M' and (M, A^, a) <bs (M', N', a) 

(b) d is a u-free (a, 0)-rectangle with a < ^, cu < A"*" 

(c) (M5;o,<o) = (M,M') 

(d) d cannot be lifted for (M, A?", a, N'), i.e. there is no pair (d*, /) 

such that 

(a) d* is a u-free (cu + 1, l)-rectangle 

iP) d* r («, 0) = d 

(7) / is a <s-embedding of N' into M^^^ ^ over M' = M^ q 

(5) f{N) Mo^; and /(a) = a^;. 

We define d2 by 

02 d2 is the u-frcc (1, l)-rectangle if 

(a) {M^^l, Mfo, Jo,o) = 

(6) (Mo^^o,<o,Io,o) = (^,A^,W) 
(c) Mfi=iV,jJ^,=0,I^|, = {a}. 

We choose di such that 

02 (a) d2 is a u-free (a, l)-rectangle 

(b) d2r(«,o) = d* 

(c) (M^^l, Mo^i, I^^^o) = (M, AT, {a}). 



The Direction <= : 

Choose d = di and use Exercise 1.13. 



□6.5 
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6.6 Definition. We say (M, N, a) is a up-orthogonal to d when : 

® (a) (M, iV, a) G K^'^^ 

(b) d is a u-free (eta, 0)-rectangle 

(c) Mo% = M 

(d) Case 1 : N f] M^^^^ ^ = M. 

If iVi satisfies (M, iV, a) <i (M^^^^ iVi, a), 

so A^i does <s-extends -^^(d) o then the rectangle d 

can be hfted for ((M, iV, a), iVi); 

Case 2 : possibly fl M^'^^^^^q^ ^ M. 
We replace (iV, a) by (iV', a') 

such that N' n M^^^^^ ^ = M and there 

is an isomorphism from N onto A?^' over M mapping a to a'. 



We now consider a relative of Definition 6.4. 

6.7 Definition. Let ^ < A"*" but ^ > 1, if ^ = A"*" we may omit it. 

1) We say that s has almost-existence for K^'^^ when: if M G and p G 5^^^{M) 
we have 

0M,p if Q; < ^ and d is a u-free (a, 0)-rectangle with Mqq = M (yes, we allow a = 

^ = A+) then there is a triple (M, iV, a) G Ks'^"" such that p = tps(a, M, N) 
and (M, N,a) is up-orthogonal to d. 

2) We say that 5 has the weak density for '^^ when: if M G i^s and p G ^J'^(M) 
then for some (Mi,pi) the demand 0Mi,pi in part (1) holds and M <g Mi and 
Pi G y^^{Mi) is a non- for king extension of p. 

3) We write "almost-existence/ weak density for i^^^^" when this holds for every 

r < e- 



6.8 Observation. Assume s is categorical (in A^) and ^ < A""". 

1) Then s has weak density for K^'^^ iff 5 has almost existence for K^'^^. 

2) If s has existence for K^'f"^ then s has almost existence for K^'^^. 

Proof. 1) The weak density version implies the existence version, i.e. the first 
implies the second because if M <s Mi and pi G ^j^^(Mi) does not fork over M 
then there is an isomorphism / from Mi onto M mapping p to p \ M, see 5.20. 
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The inverse is obvious. 

2) Read the definitions. De.s 

6.9 Discussion : Below we fix e S^^^{M^) and look only at stationarization of p*. 
We shall use the failure of almost-existence for '^^ to eret non-structure. 

We first present a proof in the case is not S^-saturated (see 6.15) but by a 
more complicated proof this is not necessary, see 6.14. As it happens, we do not 
assume 2'^ < 2^^^ , but still assume 2^^^ < 2'^^^ using the failure of weak density for 
■^s <A+ S^t an up-invariant coding property (avoiding the problem we encounter 
when we try to use depending on Ng). 

So in 6.15 for each a < A"*""*" = we "give" a stationary Sa Q d almost disjoint 
to Si3 for (3 < . 

Well, we have for the time being decided to deal only with up-uniqueness arguing 
that it will help to deal with "true" uniqueness. Also, in the non-structure we 
use failure of weak density for K^'^^, whereas for the positive side, in §7, we use 
existence. The difference is that for existence we have (AT, a) for given {M,p,^) 
whereas for almost existence we are given (M^p, d). However, we now prove their 
equivalence. To get the full theorem 6.14 we use 3.10 - 3.24. 

6.10 Claim. Assume s is categorical; if ^ < X'^ and s has almost-existence for 
K^'^^ then s has existence for K^'^^- 



Proof. This follows from the following two subclaims, 6.11, 6.12. 

6.11 Subclaim. If{M, N, a) e ' is up-orthogonal to 6.2, then it is up- orthogonal 
to di when: 

® (a) is a u-free {ag, 0)-rectangle for £ — 1,2 where ai < A"*" 

(b) M^^}, = M = M^_l 

(c) h is an increasing function from ai to 

(d) f is an <g-embedding of M^^ q into M^^ q 

(e) / \ M^f, = idM 
(/) if (3 < Cii then 

(/?) / maps M^^o into M^^^^^^ 

(7) tp,(65^)^„ M^l^^^^, KIp)+i,o) does not fork over f{M^^,). 
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Proof. Without loss of generality / is the identity and M^^ q (1 N = M . 

So assume A^i E Kg is a, <s-extension of and of M^^ q such that (M, A^, a) <bs 
{M^^ Ni, a) and we should prove the existence of a suitable lifting. Without 
loss of generality A^i fl M^^ ^ = M^^ q. Hence there is N2 which does <s-extend 
M^^ and A^i and {M^^ (^S ^2, o); but <i is a partial order hence 

{M,N,a)<l{M^l^,N,,a). 

Recall that we are assuming (M, N, a) is up-orthogonal to d2 hence we can find 
d^,/ as in Definition 6.6, i.e. as in inside Definition 6.4(1), so is a u-free 
{a2 + 1, 1) -rectangle, d^ \ (0:2,0) = d2,/ is a <s-embedding of A^2 into M^^_^^^^ 
over M^^Q mapping into M^^ satisfying /(a) = Oq q, note: I^ q = {a} for 
a < a2 + I. Now we define d"*^, a u-free {ai + 1, l)-rectangle by 

K (a) di r(«i,0) = di 

(b) is M^'^^^ ^ if q; < CKi is a non-limit ordinal and is 

U{M^i : p < h{a)} if a < CKi is a limit ordinal and is M^^_^_^ 





if CK = CKl -|- 1 


(c) 




(d) 






Ja!i = Jft(a),o for a<ai 


if) 


-^ai + 1,0 — -^0:2 + 1,0 


(9) 


Tdi - (7) - Td^ 


Now check. 





□e.ii 



6.12 Claim. For every ai < there is (Xi < A"*" (in j act = Aai is O.K.) such 
that: for every M E Kg there is a u-free (0:2, 0) -rectangle d2 with M^^ q — M such 
that 

(*) if di is a u-free {ai,0) -rectangle with Mqq = M then there are h, f as in 
® of 6.11. 

Proof. Let : i < A) be a C-increasing continuous sequence of subsets of A such 
that '^x = A, min(^i) > i, A = \%'o\ and A = \'^ot+i\'^a\ for a < A. We now choose 
{Mi, pi, ai) by induction on i < Acti such that 
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© (a) {Mi : j < i) is <s-increasing continuous 

(b) Mo = M 

(c) if i = j + 1 then Mi is <g-universal over Mj 

(d) if i = Xii + 12 and ii < cti, Z2 < A then pi — (p*^ : e G '^jj) where 

e U^,bs(^^^^^^) : z < Z2} 

(e) if i = Xii + ^2, ii < ai,j < ^2 < A and q e ^^^^'^(MAii+ij) then 

(/) if i = Xii + ^2, ^2 = i2 + 1 < A, and j2 € then aj_i e Mj and 
the type tps(ai_i, Mj_i, Mj) is a non-forking extension of 

Now choose d2 = ((-^i ^ i < Act), {ai : i < Act)). So assume di is a u-free (ai,0)- 
rectangle with M^^ = M = M^^. We now choose a pair (/i, /i^) by induction on 
i < cti such that: fi is a <s-embedding of Mf^ into M^^^, hi : i ^ Xi such that 
G (Aj, A + A),/i is C-increasing, hi is C-increasing, tps(a J^.^ M^(2^^_^^ q) is 

a non-forking extension of /j_|_i(tps(aj- ^, M^- ^,Mj_^^)) and check; in fact © gives 
more than necessary. □6.12 De-io 

6.13 Claim. Assume ^ < A""" and e andp^ G =5^J'^(M>^) witness that s fails 
the weak density for K^'^^, see Definition 6. 7. 

1) If (M, iV, {a}) G kI'^^ and M^ <s M and tps{a,M,N) is a non-forking ex- 
tension of p* then (M, N, {a}) has the weak ^-uq-invariant coding property for u; 
pedantically assuming 5 has fake equality see Definition 4-25, see 6.18, similarly in 
part (2); on this coding property, (see Definition 3.2(1). 

2) Moreover the triple (M, A?", {a}) G FR^ has the semi ^-uq-invariant coding prop- 
erty, (see Definition 3.14). 



Remark. If befow 6.15 suffices for us then part (2) of 6.13 is irrelevant. 



Proof. 1) Read the definitions, i.e. Definition 6.7(2) on the one hand and Definition 
3.2(1) on the other hand. Pedantically one may worry that in 6.7(2) we use <^®, 
where disjointness is not required whereas in <^ it is, however as we allow using 
fake equality in this is not problematic. 

2) Similar. De.is 
Now we arrive to the main result of the section. 
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6.14 Theorem. /(A++,J^^) > //umf(A++, 2^^) and even i{X++ , K%X+ -saturated 
above A)) > /iunif(A"'"'', 2^^) and even > //unif(A"'"'', 2"^^) for any Ug — 
{0, 2} -appropriate i) when : 

(a) 2^+ < 2^++ 

(6) (a) s /ai/ the weak density for K^'^"^ where ^ < A"*" or just for ^ = A"*" 
(/?) if ^ = X+ then 2^ < 2^^ . 

Before we prove 6.14 we prove a weaker variant when we strengthen the set theoretic 
assumption. 

6.15 Theorem. Like 6.14 hut we add to the assum,ption 
(c) is not X^'^ -saturated (see 6.16(1) below). 

6.16 Remark. 0) In the section main conclusion, 6.17, if we add clause (c) of 6.15 
to the assumptions then we can rely there on 6.15 instead of on 6.14. 

1) RecaU that A > Kq ^ 3!\+ is not A+-saturated by Gitik-Shelah [GiSh 577], hence 
this extra set theoretic assumption is quite weak. 

2) We use 3.5 in proving 6.15. 

3) We can add the version with \) to the other such theorems. 

Proof of 6.15. We can choose a stationary S Q d = such that Six+ + {\^\S) 
is not A+^-saturated. We shall apply Theorem 3.5 for the S we just chose for ^' 
which is A + 1 if ^ = A and is ^ if ^ < A+. 

We have to verify 3.5's assumption (recalling d — A"*"): clauses (a) + (b) of 3.5 
holds by clauses (a) + (c) of the assumption of 6.15 if ^ < A+ and clauses (a) + 
(b)(/3) of the assumptions of 6.15 if C = A+. Clause (c) of 3.5 holds by 6.2, 6.13(1), 
whose assumption holds by clause (b) of the assumption of 6.14. Really we have to 
use 6.13(1), 1.8(6). □6.14 

6.17 Conclusion. Assume 2-^"^ < 2^"^"^ and ^ < A+ but ^ = A+ ^ 2^ < 2^"^. 

1) If /(A++, K^(A+-saturated)) is < |Uunif(A++, 2-^^) and is categorical then 5 
has existence for K^'^^ for every ^ < A"*". 

2) Similarly for /(.^^+_,_) for any — {0, 2}-appropriate f). 

Proof. Let ^ < A"*". We first try to apply Theorem 6.14. Its conclusion fails, but 
among its assumptions clauses (a) and (b)(/9) hold by our present assumptions. So 
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necessarily the demand in clause {h){a) of 6.14 fails. So we have deduced that s has 
weak density for K^'^"^. By Observation 6.8(1), recalling we are assuming that 

is categorical, it follows that s has almost existence for K^'^^. By Claim 6.10 again 
recalling we are assuming is categorical we can deduce that s has existence for 

1^3, up 

So we have gotten the desired conclusion. But we still have to prove Theorem 
6.14 in the general case. De.!? 

6.18 Claim. Assume t' is an almost good X-frame derived from t as in Definition 
4-25 and u' = uj^, is as defined in Definition 5.10, i.e. Definition 4-29 (and see 
Claims 4.30, 5.11). 
Then 

Kl (a) t' satisfies all the assumptions on i in 6.1 

(6) so all that we have proved on (t, u) in this section apply to 
(t',u'), too 

(c) u' has fake equality =r ( see Definition 3.17(1) 

(d) u' is hereditary for the fake equality =r (see Definition 3.17(4)). 



Proof. Clause (a) holds by Claim 4.26. Clause (b) holds by Claim 4.30, 5.11. Clause 
(c) holds by direct inspection on 4.29(6) (7). 

In clause (d), "u' is hereditary for the fake equality =r", i-e. satisfies clause (a) 
of Definition 3.17(3) by Claim 4.30(6)(/3), 5.11 applied to t'. 

Lastly, to prove "u' is hereditary for the fake equality =r" we have to show that 
it satisfies clause (b) of 3.17(4), which holds by 4.30(6) (5). De.is 

6.19 Proof of 6.14 : We shall use Claim 6.18 to derive (s',u'), so we can use the 
results of this section to (s, u) and to (s', u'). Now by 6.2 for some u^' — 2-appropriate 
f), every M e is r-fuUer, see Definition 1.8(6), so by 1.8(6) it is enough to 

prove Theorem 6.14 for (s',u'). Now by Claim 6.13(1) and clause {h){a) of the 
assumption we know that some (M, N, {a}) e FRj^, has the semi uq-invariant 
coding property (for u'). Also u' has the fake equality =r and is hereditary for it 
by 6.18 and is self dual by 5.11(1). 

Hence in Claim 3.20 all the assumptions hold for u', (M, N, a), hence its conclu- 
sion holds, i.e. (M, A^, {a}) has the weak vertical ^-uq-invariant coding property. 
This means that clause (b) from the assumptions of Theorem 3.24 holds. Clause 
(a) there means 2^ < 2^~^ < 2'^^^ (choosing 9 := X,d — A""") and clause (c) holds 
by 6.2. So we are done. Having shown that the assumptions of Theorem 3.24 hold, 
we get its conclusion, which is the conclusion of the present theorem (reclaling we 
show that it suffices to prove it for s', so we are done. □6.14 
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§7 PSEUDO UNIQUENESS 

Our explicit main aim is to help in §8 to show that under the assumptions of 
Chapter VI, i.e. [Sh 576] we can get a good A-frame not just a good A+-frame 
as done in III§3(D),3.7. For this we deal with almost good frames (see 7.1 and 
Definition 5.2) and assume existence for (see Definition 6.4(3A) justified by 

6.17) and get enough of the results of III§6 and few from Chapter IV. This means 
that WNFg is defined in 7.3 and proved to be so called "a weak non-forking relation 
on respecting s" ; we also look at almost good A-frames with such relations and 
then prove that they arc good A-frames in 7.19(2). Those results are used in the 
proof of 4.32 (and in §8). 

But this has also interest in itself as in general we like to understand pre- A-frames 
which are not as good as the ones considered in Chapter IV, i.e. weakly successful 
good A-frames. We will try to comment on this, too. Note that below even if s is 
a good A-frame satisfying Hypothesis 7.1 which is weakly successful (i.e. we have 
existence for Kg'^^, still WNFg defined below is not in general equal to NFg). We 
may wonder, is the assumption (3) of 7.1 necessary? The problem is in 7.14, 7.11. 

TiU 7.20 we use: 

7.1 Hypothesis. 1) s is an almost good A-frame (see Definition 5.2). 

2) s has existence^^ for K^'^+j see Definition 6.4(3A) and sufficient condition in 
6.17. 

3) 5 is categorical in A (used only from 7.14 on). 

4) s has disjointness (see Definition 5.5; used only from 7.10 on, just for trans- 
parency, in fact follows from parts (1) -|- (3) by 5.23). 

7.2 Definition. 1) Let u = U3 be as in Definition 4.29 and 5.10. 
2) Let FRs be FR^^ for £ = 1, 2 (they are equal). 

7.3 Definition. 1) Assume ^ < A+. Let WNF|(Mo, ATq, Mi, ATi) mean that: 
Mo <s No <s Ni, Mo <s Ml <5 A^i and if a < ^ so a < A+ and d is an u-free (0, a)- 
rectangle and / is a <5-embedding of Nq into Mq^ such that /(Mq) = Mqq then 
we can find a model A^* and a u-free (1, Q;)-rectangle d"*" satisfying d"*" \ (0, a) = d 
and Mf^ <s N* and <s-embedding fir D / of A^i into A^* such that Mf^ = g{Mi). 

2) If ^ = A"*" we may omit it. So WNFf is also considered as the class of such 
quadruples of models. 

■^^if s is a good A-frame, then actually ^^'^^+ is enough, see 6.4(3A); the main difference is 
in the proof of 7.14 
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14 Remark. 0) Definition 7.3(1) is dull for ^ = 0. 

1) So this definition is not obviously symmetric but later we shall prove it is. 

2) Similarly, it seemed that the value of ^ is important, but we shall show that for 
^ < large enough it is not when s is a good A-frame; see e.g. 7.6. 

3) In Definition 7.3 we may ignore ^ = as it essentially says nothing. 

7.5 Observation. 1) If 1 < ^ < A+ and WNF^(Mo, iVo, Mi, A^i) and (Mo,iVo,a) e 
i^l'^' then (Mo, A^o, a) <bs (Mi, iVi, a) and in particular (Mi, iVi, a) e K^'^^. 

2) WNF| is C-decreasing with ^. 

3) WNFs = WNF^^ = n{WNF| : ^ < A+}. 

4) In Definition 7.3(1) in the end we can weaken "M{^o = ^(Mi)" to "t/(Mi) <s 
-"^^1,0 • 

Proof. 1) Straight, use d, the u-free (0, l)-rectangle such that Mqq = Mq and 

Mo^i = M and ajo = a, i.e. I^_o = {«}■ 
2), 3) Trivial. 

4) Given {N*.,d^,g) as in Definition 7.5(4). We define d', a u-free (1, a) -rectangle 
by M^j is g{Mi) if {i, j) = (1, 0) and is Mf^ when i<l & j <a k (ij)^ (1, 0) 
and Iq ^ ~ ^1 j ~ j j < ^-nd Jq j ~^ 3 — ^- The only non-obvious point 
is why (Mod'o,Mod;,'ld;) <\ (M^^, M^, ij',) which means (Mq^q, Mq^^, 1^,) <i 

{g{Mi), Mf 1 ,Io o)- This is because u is interpolative by 4.30(6)(£), see Definition 
3.21. ' ' 07.5 

7.6 Claim. [Monotonicityj Assume 1 < ^ < A+. // WNF|(Mo, iVo, Mi, iVi) and 
Mo <5 <s No and Mq <s M[ < Mi and Ni <s N[, N(^LiM[C N[' <s N[ then 
WNF|(Mo,Ar^, M{,iVf) holds. 

Proof. It is enough to prove that for the case three of the equalities Nq = No, M[ = 
Ml, N[' = N[,N[ = Ni hold. Each follows: in the case iV^ 7^ Nq by the Definition 
7.3, in the case M[ ^ Mi by 7.5(4), and in the cases N[' = N[ V N[ = Ni by 
amalgamation (in and the definition of WNF^ and 7.5(4). 

□7.6 

7.7 Observation, [s categorical in A or Mq is brimmed or 5 has existence for K^'^'^, 
see Definition 5.21.] 

If ^ > Cm^, see Definition 5.21 and WNFf (Mq, A^o, Mi, A^i) then Mi n A^o = Mq. 
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Remark. 1) Recall that if 5 is an almost good A-frame then it has density of Ks'^'^ 
hence if s is categorical then it also has existence for K^'^'^. 

It is convenient to assume this but not essential. Proving density for K^'^^ we 

actualy prove density for K^'^^ fl Kg''^'^; moreover i^f '"^ C K^'^'^. 
2) Recall = if Mq is superlimit, e.g. when is categorical. 



Proof. Recall that letting a = by 5.22(3) or 5.22(4) there is a u-free (0, a)- 
rectangle d such that M^q = Mq.Nq <s and each (M^^, M^^.^^, a^ ,,) is 

reduced (see Definition 5.21). Now apply Definition 7.3 to this d. Alternatively, 
recall for u-free (a, /3)-rectangle (or (a, /9)-triangle) d we have Mf^j_^ ^ ^^,j2 ~ 

7.8 Claim. [Long transitivity] 

Assume 1 < C < A+. We have WNF|(Mo, Nq, Mq(*), Ara(*)) when : 

(a) {Met '■ ot < Q;(*)) is <g-increasing continuous 
(6) {Na : a < a(*)) is <s-increasing continuous 
(c) WNF^(M«, Na, Ma+i, Na+i) for every a < a(*). 



Remark. 1) Recall that we do not know symmetry for WNF^ and while this claim 
is easy its dual is not clear at this point. 



Proof. By chasing arrows. Dy.s 

7.9 Claim, [weak existence] Assume 1 < ^ < ■ 

If {Mo, Mi,a) <bs (A^o, A^i, a) and (Mq, Mi, a) e then WNF^(Mo, TVq, Mi, A^i). 



Proof. Let o; < ^ be such that a < A""" and d be a u-free (0, Q!)-rectangle and let 
/ be a <3-embedding of Nq into M^^ such that /(Mq) = MJq. Let Ar{ e be 
<s-universal over M^^, exist by 5.8, and let = M^^. 

As {Nq^Nijo) E Kg'^^ we can find a <5-embedding ^ of Ni into A"{ extending 
/ such that {g{No), g{Ni), g{a)) <bs (-^o^ -^i? 5'(fl)) so as <bs is a partial order 
preserved by isomorphisms, clearly {g{MQ), g{Mi), g{a)) <bs {Nq^ N{, g{a)). Now 
as (Mo, Ml, a) G Arf '^""" it follows that (^(Mq), ^(Mi), ^(a)) G ATJ'^"""- Applying the 
definition of see Definition 6.4(1) with g{Mo), g{Mi), g{a), N(), N[, dual(d) 
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here standing for M, N, a, M', N', d there, recaUing that u is self-dual we can find 
a u-free {a + 1, l)-rectangle d* and h such that: d* \ {a, 0) = dual(d), h{g{Mi) <s 
Mo*i, h{g{a)) = aff o and h is a <s-embedding of N[ into M^^^ ^ over Nq = M^^ 
hence h \ g{Mo) = idg(Mo)- 

Now A^{,d+ := dual(d*) \ {l,a) and hog are as required in Definition 7.3 
(standing for N*,d~^,g there) recalling 7.5. Dy.g 

7.10 Lemma. [Amalgamation existence] Let ^ < A""" or just ^ < A"*" and ^ >1- 

1) If Mq <s Mi for £ = 1,2 and Mi n M2 = Mq then for some M3 we have 
WNFf(Mo,Mi,M2,M3). 

2) If Mq <s M2 then we can find an u-free rectangle d satisfying /3d = such that 

K (a) MJo = 

(c) (Mjo, b%) belongs to K^^'J"" for a < 

{d) ifM2 is (A, *)-brimmed over Mq then = M^^ q. 

2A) If (Mo, M2, 6) e K^'^^ we can add 6jo = b. 

2B) Assume K^'* C K^'^^ is such that s has existence for K^'* then in parts 2), 
2 A) we can replace K^'^^ by K^'* . 

3) In part (1) if (Mq, M^, b^) e for £=1,2 then we can add (Mq, Me, be) <bs 
{Ms_e,Ms,be) for £ = 1,2. 

Proof. 1) Follows by part (3). 

2) By Ax(D)(c), density, of almost good A-frames there is 6 e M2\Mo such that 
tp5(6,Mo,M2) G y^'{Mo), hence (Mo,M2,6) G K^'^\ by the definition of K^'^^ 
it follows that so we can apply part (2A). 
2A) By part (2B). 

2B) So let (Mo,M2,6) e be given. We try to choose (Mo,a,M2,a) and if 

a = P + 1 also a/3 by induction on a < A"*" such that: 

® (a) Mi^a £ Ks is <s-increasing continuous for £ = 0,2 

(b) Mo,a<, M2,a 

(c) (Mo,a, M2,a) = (Mo, M2) for a = 

(d) if a = /3 + 1 then {Mq^/s, Mq^^, a/3) G '* and a/3 G M2,a\Mo,a 

(e) if a = /3 + 1 then M2,a is <s-brimmed over M2,/3 
(/) if ct = then aa = b. 
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By Fodor lemma we cannot choose for every a < A""". For a = and a limit there 
are no problems, hence for some a = /? + 1, we have defined up to /? but cannot 
define for a clearly /? < A"*". First assume 

(*) Mo,p ^ M2,p. 

So by Ax(D)(c) of Definition 5.2 of almost good A-frame we can choose G 
M2,p\Mq^P such that tp,{b, Mo,p, M2,p) e y^'{Mo,p) and ap = b if (3 ^ 0. By 
the assumption on Kg'* there is Np e Kg such that (Mo,a, -^/s, e Kg'* and 
tpgiap, Mo,^, Np) = tpg{a/3, M^^p, M2,p). 

By the definition of orbital type (and amalgamation of ^g) without loss of gen- 
erality for some M2 p we have Np <s p and M2,p <s -^2 p- 

Let M2,a G Kg be brimmed over M2 p- So we can choose for a, contradiction. 

Hence (*) cannot hold so Mq^p — M2,p, easily (3 > 1 (as M2 ^ Mq) and by 
clause (e) of ® M2,p is brimmed over M2,o = M2 hence over Mq. What about 
clause (d) of the conclusion? It follows because any two brimmed extensions of Mq 
are isomorphic over it by 5.19(4) and with a little more work even over Mq U {b}. 
3) So let Kg '* = Kg '"^ or just Kg '* C K^ '^^ and s has existence for Kg'* . 

Let d be as guaranteed in parts (2),(2A) so ago = ^2 and Mq = M^q,M2 <g 
M^^ Q. Without loss of generality M^^ q fl Mi — Mq and now we choose by 
induction on a < such that 

ffl (a) A^Q, G Kg is <s-increasing continuous 

(6) M^^^o n AT, = Mjo 

(c) Md„<,iV„ 

(d) (M^ „ M^^i^o, «a,o) <bs {Na, N^+i, a%) 

(e) A^c, = Ml for a = 0. 

There is no problem to carry the choice by Hypothesis 7.1(4) and Definition 5.5. 
Now for each a < ctd by clause (c) of M of part (2) or (2B) we have 

recalling the choice of d and by clause (d) of ffl we have 

(Mod,,MoVi,<o) <bs {N^,N^+i,a%l 

hence by the weak existence Claim 7.9 we have WNFg(M^^, N^^ Mq*^_|_i, A'q.+i). 

As {Mq^^ : a < ad) and (A'q, : a < ad) are <g-increasing continuous, it follows 
the long transitivity claim 7.8 that WNFI{Mq^q, Nq, M^^^q, Na(d)) which means 
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that WNF^(Mo,Mi,Md^ o,iV^(d)). Let M3 := N^^^), but now Mq <, M2 <, 
^a(d),o ^^^ce by the monotonicity Claim 7.6 we have WNF|(Mo, Mi, M2, M3). 

This proves the desired conclusion of part (1), but there are more demands in part 
(3). One is (Mo,Mi,6i) <bs (M2,M3,6i), but Mi = Nq and M3 = iV„(d) so this 
means (Mq, A^o^^i) <bs (M2, A^a(d), and by monotonicity of non-forking it suf- 
fices to show (Mo, A^o, 61) <bs (M^^^) 0, iV„(d)). But recall WNF,«(Mo, Nq, M^^^^ iV^ 

and this implies (Mo,A^O)^i) ^bs (-^a(d) o' -^aCd)' ^1) by Observation 7.5(1) which 
as said above suffices. 

Now also we have chosen q as 62, so by clause (d) of ffl for a = we have 
easily (Mo,M{;o,&2) = (Mq^, M^q, ajj (iVo, iVi, 0^^) = {M^^N^M) <bs 
(Mi,iV^(d),&2) = (Mi,M3,62) but Mo <s Mi <^ M^^^^ ^ so by easy monotonicity 
we have (Mo, M2, 62) <bs {^ii -^3) ^2)5 as desired in part (3); so we are done. 

^7.10 

7.11 Remark. In the proof of 7.10(2B), if s is a good A-frame, in fact, A steps in 
the induction suffice by a careful choice of ap using bookkeeping as in the proof of 
5.19(1), so we get — A. Without this extra hypothesis on s, this is not clear. 

7.12 Claim. Assume that 1 < ^ < A~'~,q; < A+,d is a u-free {0, a) -rectangle and 
Mo <s M^Q <s M^^ <s A^i. Then we can find a', d', h such that 

© (a) a' e [a, A+) 

(6) d' is a u-free {0, a') -rectangle 

(c) h is an increasing function, h : a -\- 1 a' -\- 1 

(d) M^;,^Mo 

(e) Ari<,Mod;, 

(/) z < a ^ Mod, <, Md;(.) 

(g) for i < a, a^^^ = aj'^^^^^ and tp,ia^[,^^^y ^^oM^+i) does not 

fork over Mq^, 

(h) {M^;^, M^;^^„ aj'^) e for (3 < 

Proof. We can choose M/ by induction onz<l-|-Q;-|-l such that 

(a) (Mj : j < i) is increasing continuous 

{(3) M^ = Mo 
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(7) M/ is brimmed over Mj ifi = j-|-l<l-|-Q! + l 

(6) Ma n M[^^ = Mq^, ifi<a 
(e) M{+, if i < a 

(C) tp5(aji, Ml, M/^i) does not fork over M^^ if i < a 
iv) iVi <. M{+,+i. 

This is possible because we have disjoint amalgamation (see 5.23). Now for each 
z < 1 + ct use 7.10(2A) with M/,M/^.i,ao ^ here standing for Mo,M2,b there (so 
clause (d) there apply). □7.12 

7.13 Remark. Recall that from now on we are assuming that is categorical. 

7.14 Claim. [Symmetry] There zs ^ = < A""" such that (^ > ^g'^ for simplicity, 
see 5.21 and) for every ( < A+, i/WNF^(Mo, Nq, Mi, iVi) then WNF^(Mo, Mi, Nq, Ni 
holds. 

Remark. 1) Yes, the models Nq, Mi exchange places. 
2) Without categoricity, ^ = ^s,Mo is O.K. 

Proof. By 7.10(2) there are ^ = ^(*) < A+ and d, a u-free (0, ^)-rectangle with 
each (Mo^„,Mo'^^_^i,aJ„) belonging to K^^^ for every C < -^"^ such that M^^ is 
brimmed over Mqq and Mq = Mqq. Note that the choice of ^ does not depend on 
C, (Mq, Nq, Ml, A''i), just on Mq by 7.10 and it does not depend on Mq recalling 
is categorical. 

As Mq^ is <s-universal over Mq q without loss of generality A^o <s -^o^^- 

Now let C < A+ and recaU that we assume WNF|(Mo, Aq, Mi, Ai). Let d+, A+, / 
be as guaranteed by Definition 7.3(1) and by renaming without loss of gener- 
ality the function / is the identity. Now for each a < ^, we shall apply the 
weak existence claim 7.9, with M,^^, MJ^^, Mg^^_^i, M{^q,_i_i, Cq here standing for 
Mo, Ao, Ml, Ai, a as there; this is O.K. as its assumptions mean {Mq^, Mq^_^_i, ag^) < 
(Mji;;, M{i;;+i, a^X) and {M^;"^, M^^l^,, afj G A^^'^^p which hold by clause K(c) of 
Claim 7.10(2), i.e. by the choice of d as d"*" \ (0, a(d)) = d. Hence the conclusion 
of 7.9 applies, which gives that we have WNFi(Mo^^, Mi^^^, Mo^;^+i, Mi^^+i). Of 
course (M^^ '■ ct < {^1^ : ct < <5-increasing continuous. Together 
by the long transitivity, claim 7.8 we have WNF^(M^J, M{^o , M^J, M^^^). But 
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= Mo,Mi^o = Ml and Nq <s M^^^ and Ni <, N+,M^^^ <s N+ so by the 
monotonicity claim, 7.6, we have WNFs(Mo, Mi, A^o, ^i) as required. □7.14 

7.15 Conclusion. If WNPf (Mq, iVo, Mi, A^i) and ^ > see 7.14 then ( < A+ ^ 
WNFi(Mo, A^o, Ml, iVi) that is WNFs(Mo, iVo, Mi, iVi). 

Proof. Applying 7.14 twice recalling 7.5(3) in the end. Dt.is 

7.16 Claim. (WNF^ lifting or weak uniqueness) 

// WNFs(Mo, iVo, Ml, iVi) and a < A+ and (Mo,i : i < a) is <s-increasing 
continuous, Mo,o = Mq and Mq^^ = -^0 fi'e can find a <s-increasing continuous 
sequence {Mi^i : i < a + 1) such that Mi^ = Mi, Ni <s Mi^q.+i and for each i < a 
we have WNF,{MQ^i, Mo,i+i, Mi,^, Mi^^+i) for i < a. 

Proof. We shall use 7.12. 

By induction on i < ct we can find M- which is <5-increasing continuous such 
that MlnNi = Mo.i, Mqa <s M[ and if i = j + 1 then M^ is brimmed over Mj 
and WNF,(Mo,„ Mo,i+i, M^, M/+i). 

So by 7.10(2) and see 7.14 we can find a u^-free (0, ^sQ;)-rectangle d such that 
Mf^. = Ml for i < and {M^q, M^+i,o, ajo) ^ ^s'""^ for s < ^^a. Recalling 
Mo, a = No, without loss of generality M^^^^ Ni = Nq so by 7.10(1) we can 
find iVi* such that WNF^iNo, Ni, M^^^^^, N^). Recalling that we are assummg 
WNFs(Mo, A^o,Mi,iVi), by symmetry^ I.e. 7.14 we have WNFs(Mo, Mi, A^o, A^i) 
hence by transitivity, i.e. Claim 7.8 we can deduce that WNFs(Mo, Mi, M^^^^^, A^i*) 
hence by 7.14, i.e. symmetry WNFs(Mo, M^^^^, Mi, A^i*). By the definition of 
WNFs, we can find a u^-free (l,^sa + l)-rectangle d"*" such that d+ \ (0,^sQ;) = d 
and N* <s M{*J^^^^ and Mi = M^^. 

By the weak existence claim 7.9, we have WNF3(M^^, Mj^^, M^^+i, Mi^^+i) for 
each s < ^sOi- 

Let Mi,«+i = M{^^^^^i and for i < a let Mi^^ := M{*^^ .. So clearly (Mi,i : i < 
a + 1) is <g-increasing continuous, Mi o = Mi, A'l <g Mi ^^i. Now to finish the 
proof we need to show, for i < a that WNFg(Mo,i, Mo,i+i, Mi^^, Mi^^+i). 

For each z < a by the long transitivity claim, i.e. 7.8 applied to (M^^ : e < 
6) and {M^l,+, : £ < e.) we have WNF,(Mod;^,, M^'J^,, M^^J^^^^^^, M^^^^^^^,)), 
by symmetry we have WNFs(M^^^., M^^^^._^^^, M^^J^ ., M{^^^^._^^^) which means 
WNF,(M^,M;+i,Mi,„M,,i+,). 
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Recall that for each z < ct we have WNFs(Mo,i, Mo,i+i, M/, M/_^^). By the transi- 
tivity claim 7.8, the two previous sentences imply WNFs(Mo,i, Mo,i+i, Mi^j, Mi^i+i) 
as required. Dr.ie 

7.17 Theorem. 1) WNF^ is a weak non-forking relation on ^\ respecting s and 
having disjointness (see Definition 7.18 below). 

2) // NF is a weak non-forking relation of ^\ respecting s, then NF C WNF^. 



A relative of Definition III. ^^^■600-nf.OX ^^^^ is: 

7.18 Definition. Let ^\ be a A-a.e.c. 

1) We say that NF is a weak non- forking relation on ^\ when : it satisfied the 
requirements in Definition III. ^^^^600-nf.OX ^^^^(1); except that we replace 
uniqueness (clause (g) there) by weak uniqueness meaning that the conclusion of 
Claim 7.16 holds (replacing WNFj by NF); or see the proof of 7.17 below for a list 
or use Definition III. ^^^600-nf.20.9 ^^(1). 

2) Let t be an almost good A-frame and ^\ = and NF be a weak non-forking 
relation on ^x. We say that NF respects t when: if NF(Mo, A'^o, Mi, A'^i) and 
{Mo, No, a) e A:f'^' then tpt(a. Mi, A^i) does not fork over Mq. We say NF is a 
weak t-non-forking relation when it is a weak t-non-forking relation respecting t. 

3) In part (1) we say NF has disjointness when WNF(Mo, No, Mi, A^i) MoHMi = 
Mo. 

4) We say NF is a pseudo non-forking relation on when we have clauses (a)-(f) 
of Definition III. ^^^^600-nf.OX ^^^^ or see the proof below. Also here parts 
(2), (3) are meaningful. 



Proof of 7.17. 1) Let us list the conditions on NF := WNF^ being a weak non- 
forking relation let Kx = -^s- We shall use 7.15 freely. 

Condition (a) : NF is a 4-place relation on .^a- 
[Why? This holds by Definition 7.3(1), (2).] 

Condition (b) : NF(Mo, Mi, M2, M3) implies Mq <si^ Me <iix Ms for £=1,0 and 
NF is preserved by isomorphisms. 

[Why? The preservation by isomorphisms holds by the definition, and also the 
order demands.] 

Condition (c)i : [Monotonicity] If NF(Mo, Mi, M2, M3) and Mq <^;, M^ Me 
for £ = 1,2 then NF(Mo, M{, M^, M3). 
[Why? By 7.6.] 
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Condition (c)^ : [Monotonicity] If NF(Mo, Mi, M2, M3) and M3 and Mi U 

M2 C <fi^ M3 then NF(Mo, Mi, M2, M^')- 
[Why? By Claim 7.6.] 

Condition (d) : [Symmetry] If NF(Mo, Mi, M2, M3) then NF(Mo, M2, Mi, M3). 
[Why? By Claim 7.14.] 

Condition (e) : [Long Transitivity] If a < A+, NF(Mj, ATj, Mj+i, ATj+i) for each 
i < a and (Mj : i < a), {Ni : i < X) are <^j^ -increasing continuous sequences then 

NF(Mo,iVo,M„,iV,). 
[Why? By Claim 7.8.] 

Condition (f) : [Existence] Assume Mq <^;^ Mi for i = 1,2. Then for some 
M3,/i,/2 we have Mq M3 G ^x, fi is a <j?^ -embedding for Mg into M3 

over Mo for £ = 1, 2 and NF(Mo, /i(Mi), /2(M2), M3). Here we have the disjoint 
version, i.e. /2(Mi) n /2(M2) = M2. 
[Why? By Lemma 7.10(1).] 

Condition (g) : Lifting or weak uniqueness [a replacement for uniqueness] 
This is the content of 7.16. 

Thus we have finished presenting the definition of "NF is a weak non-forking 
relation on ^g" and proving that WNF^ satisfies those demands. 

But we still owe "WNF^ respect 5" where NF respect s means that if NF(Mo, A^o, Mi, Ni) 
and (Mo, A^q, a) G K^'^ then tps{a, Mi, A'l) does not fork over Mo, i.e. (Mq, A'o, <bs 
{M^,N^,a)eK!'''\ 

[Why? This holds by Observation 7.5(1).] 

Also the disjointness of WNF is easy; use 7.7 and categoricity. 



Proof of 7.17(2). 

So assume NF(Mo, ATq, Mi, A^i) and we should prove WNF5(Mo, A^o, Mi, A^i) so 
let d be as in Definition 7.3(1). As NF satisfies existence, transitivity and mono- 
tonicity without loss of generality it suffices to deal with the case M^^^^^ = A'q. 

This holds by the definition of WNF^ in 7.3 and clause (g) in the definition of 
being weak non-forking relation and "respecting s". 

At last we can get rid of the "almost" in "almost good A-frame" , of course, this 
is under the Hypothesis 7.1, otherwise we do not know. 

7.19 Lemma. 1) If t is an almost good X-frame and WNF is a weak non-forking 
relation on ^\ respecting t then i is a good X-frame. 
2) In 7.1, s is a good X-frame. 
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Proof. Part (2) follows from part (1) and 7.17(1) above. So recalling Definition 5.2 
we should just prove that t satisfies Ax(E)(c). Note that the Hypothesis 7.20 below 
holds hence we are allowed to use 7.25. 

Let {Mi : i < d) he <5-increasing continuous and p G ry^^{Ms) and we should 
prove that p does not fork over Mi for some i < 6. By renaming without loss of 
generality 5 < and S is divisible by X^oj and e < X Ai < 5 Mi^i = Mj+i+e. 
Let u be as in Definition 7.2, so u is a nice construction framework. Let a = 5^,(3 = 5. 

Now 

(*)i there is d such that 

{a) d is a u-free (ct, /3)-rectangle 

(/?) d is a strictly brimmed, see Definition 5.15(2) 

(7) if z < a and J < 5 then WNF(Md., M^^^, Mf+i,^., Mf+^^^.+i) 
(5) Mf-Q = M, for i < 5 

{e) if . = when i < S,j <S and I^^- = when i <S,j < 5. 

This will be done as in the proof of Observation 5.17. 

By the properties of WNF (i.e. using twice long transitivity and symmetry) 

(*)2 if zi < Z2 < a and ji < j2 < /3 then WNF(Md_^.^, M^^^.^, M<^^^.^, M^^^.J and 
WNFfM'* M'^ ■ M"^ ■ M'^ ■ ) 

Now we can choose a u-free (cud, /3d) -rectangle e such that 

(*)3 (a) M^j = Md. for i < a^J < (3a 

(b) ii i < a,j < (3 and p e y^^{Mf.j) then for A ordinals e < A we have: 

(a) tpt(6f+^^^., M<^^^^.^i, M^^^i^^.^i) is a non-forking extension of 
p, recalling 3f_^_^j = {bf+^ j}, 

{(3) tp,{al^+„Mf_,,^^^^,M^_,, 

,j+e+i) is ^ non-forking 
extension of p, recalling If = {af+i j+g}. 

[Why? We can choose e \ {a, a) by induction on a < 5. The non-forking condition 
in the definition of u-free holds because WNF respects t and (*)2-] 

So d is full (see Definition 5. 15 (3), (3 A), even strongly full) hence by Claim 
5.19(3A)(c) 

(*)4 M^,i3 is brimmed over M^q = Ms. 
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Hence p e y^''{Ms) = ^t''''(^a,o) is realized in M^^/j say by c G M^^p, so for some 
z < q; we have c e Mi^p. As WNF(M^o, M^^, MJq, M^^^) holds by (*)2 above by 
Claim 7.25 below, it follows that tpi{c, M^ q, M^ p) does not fork over M!^q which 
means i < S and p does not fork over Mi as required. Dy.ig 

Now for the rest of the section we replace Hypothesis 7.1 by 

7. 20 Hypothesis. Assume s is an almost good A-frame categorical in A and WNF is 
a weak non-forking relation on respecting 5. 

The following is related to the proof of 7.19. 

7.21 Definition. 1) We say d = (Mq,,/3 : a < a^, P < Pd) is a WNF-free rectangle 
(or (cKd, /3d)-rectangle) when: 

(a) {Ma,j '■ j < Pd) is <5-increasing continuous for each a < ad 

(b) {Mi^p : i < ad) is <s-increasing continuous for each P < Pd 

(c) WNF(Mij,Mi+ij,M^j+i,Mi+ij+i) for i < a,j < p. 

2) Let a — {aj : j < P) be <-increasing. 

We say d = {Mij : i < aj and j < /?) is a WNF-free {{aj : j < /?), /9)-triangle 
when : 

(a) {Mij : i < aj) is <g-increasing continuous for each j < P 

(b) {Mij : j < P satisfies i < aj) is <s-increasing continuous for each i < ap 

(c) WNF(M,,„ M,+i,„ M,,,+i, Mi+ij+i) for j < P,i < aj. 



Now we may note that some facts proved in Chapter IV for weakly successful good 
A-frame can be proved under Hypothesis 7.1 or just 7.20. Systematically see [Sh 
842]. 

7.22 Claim. M^^ ^ is brimmed over Mq^^ when : 

(a) a = (aj : a < P) is increasing continuous 

(b) d is a WNF-free {a, P) -triangle 

(c) Mj+ij+i is <s-universal over Mij when i < aj, j < p. 



Proof. If P and each aj is divisible by A we can repeat (part of the) proof of 7.19 
and this suffices for proving 7.25 hence for proving 7.19 (no vicious circle!) 
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In general we have to repeat the proof of 5.19 or first find a WNF-free {{Xaj : j < 
/?), /9)-rectangle d' which is brimmed and full and M^'^ = Mf^^ for i < aj, j < P 
and then use the first sentence. 07.22 

It is natural to replace <bs by the stronger <wnf defined below (and used later). 

7.23 Definition. 1) Let <wnf be the following two-place relation on K^'^^ := 
{(M, N) :M <s N are from il^}, we have (Mq, Nq) <wnf (Mi, iVi) iff: 

(a) {Mi, Ni) e k!'^^ for £ = 0,1 

(b) WNF(Mo,No,Mi,Ni). 

2) Let (Mi,iVi,a) <wnf {M2,N2,a) means {Mi,Ni,a) G i^s''"' for £ = 1,2 and 

(Mi,iVi) <wnf (M2,iV2). 



7.24 Claim. 1) <wnf is a partial order on K^'^^. 

2) If {{Met, Net) : a < S) is <yf,ai-increasing continuous then a < 5 =^ {Ma, N^) <wnf 

I3<5 I3<5 

3) If {Ml, Ni) <^„f (M2, N2) and (Mi, iVi, a) e il^''"' then (Mi, Ni, a) <bs (M2, N2,a) e 

7v-3,bs 
J^s ■ 

4) If M <, N' <, N and (M, N) e i^l'""' then (M, A^') <wnf (M, iV). 

5) // (Mi,iVi) <^nf {M2,N2) and Mi <s N[ <s iVi,Mi <5 <3 M2 and 
iV( U M^ C A^^ <g iV^' and 7V2 <s N^' then (Mi, iV() <^nf (M^, 7V^). 

6; 5Mar/y to (1),(2),(4),(5) for (K|'^', <wnf). 



Proof. Easy by now. 07.24 

The following is a "downward" version of "WNF respect s" which was used in the 
proof of 7.19. 

7.25 Claim. // WNF(Mo, iVo, Mi, TVi) and c e Nq and {Mi,Ni,a) e K^'^' then 
(Mo, A^o, c) G Kg'^^ and tps(c. Mi, A^i) does not fork over Mq. 



Proof. The second phrase in the conclusion (about "tpg(a. Mi, A'^i) does not fork 
over Mo") follows from the first by "WNF respects t"; so if s is type full (i.e. 
y^%M) = ^/^(M)) this is easy. (So if 5 is type-fuU the result is easy.) 
Toward contradiction assume 

(*)o (Mq, A^o, Ml, Ni, c) form a counterexample. 
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Also by monotonicity properties without loss of generality : 

(*)i (a) A'^o is brimmed over Mq 
(6) Ml is brimmed over Mq 
(c) Ni is brimmed over Nq U Mi. 

Let : e < Xg) be an increasing sequence of subsets of A3 such that |^o| = 
\'^g+i\^g\ = Xg. Wc now by induction on e < A choose de,ae such that dg = 
{Mi J : i < Xj,j < e) and: 

® (a) dg is a WNF-free triangle 

(6) Mj_|_i^j_|_i is brimmed over Mi+ij U Mij+i when i < Xj A j < e 

(c) Moj+i is brimmed over Mqj 

(d) a.g = {tta : a G 'Wg) list the elements of Mgx,e 

(e) if £ = j + 1 and C % defined below is 7^ and 7^- = min(#;) 

then tp3(a^., Mo,e, Maj>) G ^^^^(Mce) and [tpg{a^., Mqj, Mxjj) G 
^j^'*(Moj) ^ tps{a^j,Mo,£,Mxj,g) forks over Mqj] where 

= {a e we can find M', A' such that WNF(Mo,j-, Maj,^, M', A') 
and tpg{aon M\ A') G o$^J^^(M') but is not a non-forking extension 
of tp,(a,Moj,MA,j), e.g. tp,(a, Mqj, Ma,j) ^ ^.^^(Moj)}. 

There is no problem to carry the definition. 
Now by 7.22 

(*)2 Maa,a is brimmed over Mq^a- 

So by (*)i + (*)2 and s being categorical without loss of generality 

(*)3 (Mo,Ao) = (Mo,a,Maa,a)- 

Clearly Maa,a is the union of the <5-increasing continuous chain {Mxjj : j < X) 
hence is well defined where: 

(*)4 = min{j < A : c G Mxjj}. 

By clause (d) of ® for some we have 

(*)5 e [ii(*):^) and c G {oo, : a G %{^)}. 
So by the choice of 7(*) is well defined where 

(*)6 7(*) = min{7 G : = c} < X. 



NON-STRUCTURE IN A++ USING INSTANCES OF WGCH 



125 



Note that 

(Mo,„ Mxj,j) <wnf (Mo,A, Mxx,x) = (Mo, A^o) <„„f (Ml, Ni) for j G [i(*), A). 

Also 

(*)8 if i G then tp,(c,Mo,„MA,-,) ^ ^J^^(Mo,,). 

[Why? By (*)7, we have WNF,(Mo,„ Ma^,,, Mo,a, Maa.a) hence if (tps(c, Mq,,, Maj,,) G 
y^'{Mo,j) then (Mo,^-, Maj j, c) G i^s'*"' but by (*)7 we have WNF(Moj, Mxj,j, Mi, A^i) 
and WNF respects s hence tpg{c, Mi, Ni) does not fork over Mqj, so by mono- 
tonicity it does not fork over Mo,a = Mq and this contradicts (*)o-] 

(*)9 if J G b(*), A) then min(#;) < 7(*). 

[Why? As 7(*) G Wj, i.e. satisfies the requirement which appear in clause (e) of ® 
that is (Ml, A^i) here can stand for {M',N') there.] 

So by cardinality considerations for some ji < j2 from [j(*). A) we have min(#^ J = 
miniWj^) but this gives a contradiction as in the proof of (*)8. 07.25 

7.26 Exercise : Show that in Hypothesis 7.20 we can omit "s is categorical (in A)". 

[ Hint : The only place it is used is in showing (*)3 during the proof of 7.25. To 
avoid it in ® there waive clause (c) and add j < A ^ = -Mq.] 

7.27 Exercise : Show that in this section we can replace clause (c) of Hypothesis 
7.1, i.e. "5 is categorical in A" by 

(c)' i{K,) < A 
or just 

(c)" = sup{^M : M G Ks} < A+ where for M G -ftT^ we let = min{ad: 
there is a u-free (ctd, 0)-rectangle such that Mq q = M, (Mj'^q, M^^^q, a^g) ^ 
Ks'^P and M^(j) ^ is universal over M^^ = M}. 

[Hint: The only place we use "s is categorical in A" is in claim 7.14 more fully 
in 7.10(2) we would like to have a bound < A""" on ad not depending on Mq, see 
7.11 (and then quoting it). It is used to define ^5. As (c)' =^ (c)" without loss of 
generality we assume (c)".] 

7.28 Exercise : (Brimmed lifting, compare with IV. -^^^705-1. 15K ^^^^(4).) 

1) For any <5-increasing continuous sequence (Mq, : a < a{*)) with a{*) < we 
can find N such that 

® (a) N = {Na : a < is <s-increasing continuous 
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(b) WNF(M«, iV«, Mp, Np) for a < /3 < «(*) 

(c) is brimmed over Mq, for a = and moreover for every a < a{*) 

(d) Na+i is brimmed over M^+i U for a < a{*). 

2) In fact the moreover in clause (c) follows from (a),(b),(d); an addition 
(c)'^ Np is brimmed over Na U Mp for a < < «(*). 

[Hint: Similar to 5.19 or 5.20 or note that by 7.19 we can quote Chapter IV.] 
§8 Density of Ks'"^"^ for good A-frames 

We shall prove non-structure from failure of density for Kg'^^ in two rounds. 
First, in 8.6 - 8.10 we prove the wnf-delayed version. Second, in 8.14 - 8.17 - we use 
its conclusion to prove the general case. Of course, by §6, we can assume as in §7: 

8.1 Hypothesis. We assume (after 8.2) 

(a) s is an almost^^ good X-frame 

(b) WNF is a weak non-forking relation on respecting 5 with disjointness 
(not necessarily the one from Definition 7.3, but Hypothesis 7.20 holds). 

We can justify Hypothesis 8.1 by 

8.2 Observation. Instead clause (b) of 8.1 we can assume 

{by 5 has existence for -P^f (so we may use the consequences of Conclusion 
7.17) 

(c) s is categorical in A. 

Proof. Why? First note that Hypothesis 7.1 holds: 

Part (1) there, s is an almost good A-frame, is clause (a) of Hypothesis 8.1. 

Part (2) there is clause (b)' assumed above. 

Part (3) , categoricity in A, there is clause (c) above. 

Part (4) there, disjointness of s, holds by 5.23. 

^®by 7.17 clauses (b) + (c) implies that a is actually a good A-frame but we may ignore this 
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So the results of §7 holds, in particular the relation WNF := WNFg defined in 
Definition 7.3 is a weak non-forking relation (on Ks) respecting 5, by Claim 7.17. 

□8.2 

We now use a relative of from Definition 4.29; this will be the default value of u 
in this section so d will be = 

8.3 Definition. For s as in 8.1 we define u = as follows: 

(a) = A+(= A+) 

(6) .^u = -^s {or see 4.25, 4.26; but not necessary by (c) of 8.1) 

(c) FR^ = {(M, A^, J) : M <5 and J = or J = {a} and (M, N, a) e K^'^'} 

(d) <i is defined by (Mq, A^o, Jo) <i (Mi,7Vi, Ji) when 
(a) WNF(Mo,iVo,Mi,7Vi) 

iP) JiCJo 

(7) if Jo = {a} then Ji = {a} hence (Mq, Nq, a) (Mi, iVi, a) by "WNF 
respects s", see Hypothesis 8.1 and Definition 7.18; if we use WNF^ 
then we can quote 7.17(2), also by 7.5(1). 



8.4 Remark. 0) The choice in 8.3 gives us symmetry, etc., i.e. u is self-dual, this 
sometimes helps. 

1) We could define FRi, <i as above but 

(e) FR2 = {(M, A^, J) : M <^ iV and J = or J = {a}, (M, N, a) e 

(/) <2 is defined by: 

(Mo, A^o, Jo) <i (Ml, A^i, Ji) when (both are from FRi and) 

(a) Mo <s Ml and Nq <s Ni 
iPy JoCJi 

(/?)" if Jo = {a} then Ji = {a} and (Mq, A^q, a) (Mi, A^i, a). 

2) We call it uf'*. However, then for proving 8.14 we have to use Us'^ which is defined 
similarly interchanging (FRi, <i) with (FR2, <2)- Thus we lose "self-dual". 
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8.5 Claim. 1) u is a nice construction framework which is self-dual. 

2) For almost^ every (M, J, f ) e K^^ the model Mg is saturated above A. 

3) u is monotonic (see 1.13(1)), hereditary (see 3.17(12)), hereditary for =^ if =* 
is a fake equality for s (see 4.25) and has interpolation (see 3.21). 



Proof. 1) As in earlier cases (see 4.30(1)), 5.11(1)). 

2) As in 4.30(2) or 5.11(2). 

3) check. Dg.s 

8.6 Theorem. We have I {X^^ ,K^{\'^- saturated)) > //unif(A++, 2'^"'') and even 
i{K^^j^) > /Xunif(A+"'", 2^ ) for any u — {0, 2} -appropriate function f) when : 

(a) 2^ < 2^^ < 2^^^ 

(b) u fails wnf-delayed uniqueness for WNF see Definition 8. 1 below. 



Remark. Note that we have some versions of delayed uniqueness: the straight one, 
the one with WNF and the one in §5 and more. 

Before we prove Theorem 8.6 

8.7 Definition. We say that (the almost good A-frame) s has wnf-delayed unique- 
ness for WNF when: (if WNF is clear from the context we may omit it) 

m for every (Mq, No,a) e Ks'^"" we can find (Mi, Ni) such that 

(a) (Mo,iVo,a) <i {Mi,Ni,a), i.e. (Mo,A^o,a) <bs (Mi.Ni.a) and 
WNF(Mo,iVo,^i, A^i), see clause (b) of Hypothesis 8.1 and 
(6) if (Ml, iVi, a) <l {Mi, Ni, a) hence WNF(Mi, A^i, Mi, Ni) for £ = 2, 3 

and M2 = M3 then N2, are <s-compatible over M2 U A^o, that is 

we can find a pair (/, N') such that 

(a) Ns<,N' 

{/3) / is a <s-embedding of N2 ito N' 

(7) / is the identity on Nq (not necessarily Ai!) and on M2 = M3. 



Remark. A point of 8.7 is that we look for uniqueness among <y-extensions (if 8.2 
apply then <wnf-extensions) and, of course, it is "delayed", i.e. possibly Mq ^ Mi. 
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8.8 Observation. In Definition 8.7 we can without loss of generaUty demand that Mi 
is brimmed over Mq. Hence Mi can be any pregiven <s-extension of Mq brimmed 
over it such that Mir)No = Mq. 

Proof. Read the definition. Dg.s 

8.9 Claim. If s (satisfies 8.1) and fails wnf-delayed uniqueness /or WNF (i.e. 
satisfies 8.6(b)) then u = has vertical coding, see Definition 2.9. 

Proof. Straight. Ds.g 
Proof of 8.6. Straight by the above and Theorem 2.11. Dg.g 

8.10 Remark. Note that the assumption of 8.9, failure of wnf-delayed uniqueness 
may suffice for a stronger version of 8.6 because given rj E ^^2 and (M*', J*', f) G 

we can find 2^ extensions ((M'?'^, J^'^, f^-^) : and a(*) < d such that 

-^a(o) ~ ^* {M^'^ : p e ^2) are pairwise non-isomorphic over M^ U A^*. Does 

this help to omit the assumption 2^ < 2^^? 

8.11 Definition. 1) We say s has uniqueness for WNF when: 

if WNF(Mq , Mf , M|, M|) for A; = 1, 2 and fi is an isomorphism from M/ onto 
M| for £ = 0,1,2 and /o C /i,/o C /2 then there is a pair (A^, /) such that 
<s and / is a <s-embedding of M3 into N extending /i U /2. 

2) We say (Mq, Mi, a) e i^s''"'' has non-uniqueness for WNF when: if (Mq, Mi, a) <i 
(M^, M{, a) then we can find {M^ :£< 3, k = 1,2), {fi :£< 2) such that 

® (a) (Mo^ Mf , a) <i (M|, M|, a) for A; = 1, 2 
(6) Mq^ = M^, Mf = M[ for /c = 1, 2 

(c) M] M| and /2 is the identity on Mf 

(d) there is no pair {N, f) such that M| <s and / is a <s-embedding 

of M3 into N extending idj^^fc U idj^k (which does not depend 
on k). 

3) We say that 5 has non-uniqueness for WNF when some triple (Mq, Mi, a) e K^'^^ 
has it. 
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8.12 Observation. 1) Assume 5 is categorical (in A). Then s has non-uniqueness 
for WNF iff it does not have uniqueness for WNF iff s fails existence for Ks'u'^, see 
below. 

2) If 5 is categorical (in A), has existence for Kg'^"^ = K'^'^^ and has uniqueness 

for WNF and 7.9 holds for WNF (i.e. if {Mi,Ni,a) G K^'"" and {Mi,Ni,a) <bs 
(M2, N2, a) then29 WNF(Mi, Mi, Ni, iVa)) then s has existence for kI'"'^ and C 

3) C ir^.up 

4) If s has uniqueness for WNF then WNF is a non-forking relation on ^\ respecting 
5. 

Remark. Note that 8.12(3) is used in §4(F). 

8.13 Definition. 1) Let iiTs.'r be the class of triples (M, N, a) G Kg'^^ such that: 
if (M, N, a) <l (M', iV;, a) for £=1,2 then we can find a pair (iV*, /) such that 
-^2 —s and / is a <s-embedding of into A^* extending id^v U idM'- 

2) s has existence for Kg'^"^ when: if M G Kg and p G ^j^^(M) then for some pair 
{N, a) the triple (M, N, a) G A's'"'^ realizes p. 

3) If WNF is WNFs and u is defined as in 8.7 above then we may omit u. 

Proof. 1) By the definition 

(*) if 5 has non-uniqueness for WNF then s does not have uniqueness for s. 
Now 

Case 1 : s fails existence for Kg'^'^ . 

We shall show that s has the non- uniqueness property; this suffices by (*). Let 
(M,p) exemplify it and let (A, a) be such that {M, A, a) G Kg'^^ realizes p and we 
shall prove that (M, A, a) is as required in Definition 8.11(2). 

Let (M',A',a) G kI'^"" be <i-above (M, A,a). We can find (/*, A*,aH<) such 
that (M, A*, a*) G Kg'^^ realizes p and is an isomorphism from A' onto A* which 
maps M' onto M and a to a*. [Why it exists? See 5.20 recalling s is categorical.] 
So {M,N^,a^) G Kg'^^ and tp(a*,M,A*) = p hence by the choice of M and p 
clearly (M, A*, a*) ^ iirl;^ so by Definition 8.13(1) we can find M', Ai, A2 as there 
such that there are no (A*, /) as there. But this means that for (M, A*, a*) we can 



so really WNF = WNF^ 
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find {M^ : ^ < 3, = 1, 2) as required in 8.11(2). By chasing maps this holds also 
for (M', N', a) so we are done. 

Case 2 : s has existence for Kg'^'^ . 

We shall show that s has uniqueness for WNF. This suffices by (*). 
First note 

Kl if and (*)2 below then Mg , Mg are isomorphic for M2 U Mi when: 
(*)i (a) M = (Mo, a : ct < a{*)) is <s-increasing continuous 

(6) (Mo, a, Mo,a+i, ttc) e -ftrfjr for a < a{*) 
(c) Mo,Q,(*) is brimmed over Mo,o 

(*)2 (a) WNF(Mo, Ml, M2, M|) for A; = 1, 2 
{/3) Mo = Mo,o and Mi = Mo,5 

(7) M3 is brimmed over Mi U M2. 



[Why? As in previous arguments in §7, we lift M by (*)2(a) and clause (g) of 
Definition 7.18 of "WNF is a weak non-forking relation on , i.e. being as in the 
proof of 7.17 and then use {*)i{b).] 
Next 

ffl we can weaken (*)2(/9) to Mo,o = Mq <s Mi <s Mo,q,(*). 

[By the properties of WNF.] 

Checking the definitions we are done recalling 7.10(2B), or pedantically repeating 
its proof to get (Mo,i : i < «(*)) as in (*)i. 

2) We are assuming that s has existence for Kg'^^ so it suffices to prove Kg'^^ C 

So assume (Mo, A^o, a) G K^'""^ and (Mo, iVo, a) <bs (M^, iV^, a) for £ = 2, 3 
and M2 = M3. By 7.9 it follows that Wl<lF{Mo, Nq, Mg, Ng) so by Definition 8.3 
we have (Mq, Nq, a) <y (M^, A^, a). Applying Definition 8.11(1) we are done. 

3) , 4) Clear by the definitions. □8.12 

* * * 

8.14 Theorem. i{X++,K') > i{X++, K%X+ -saturated)) > //unif(A++, 2^^) and 
even /(Arl^++) > yUunif (A''""'~, 2-^^) for any u^ — {0, 2} -appropriate f) (so we can restrict 
ourselves to models X'^ -saturated above X and if s = s' also to Tg-fuller ones) when : 

(a) 2^ < 2^^ < 2^^ 

(6) 5 has non-uniqueness for WNF (for every M G Kg) 
(c) s has wiif-delayed uniqueness for WNF. 
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Proof. We first prove claim 8.16. 

Note that proving them we can use freely 8.7, 8.3, 8.8 and that wnf-delayed unique- 
ness replaces the use of 10.7. 

8.15 Explanation : As FR" = FR2 there is symmetry, i.e. u is self-dual. The 
wnf-delayed uniqueness was gotten vertically, i.e. from its failure we got a non- 
structure result (8.6) relying on vertical coding, i.e. 2.11. But now we shall use 
it horizontally; we shall construct over (M, J, f ) with Mg e saturated above 
A, a tree {{MP, J^, f^) : p e ^-2) as in weak coding but each is not as usual but a 
sequence of length (-g{p) such extensions. In fact we use the A-wide case of §10, i.e. 
10.14, 10.15 without quoting. So the "non-structure" is done in the "immediate 
successor" of (M, J,f). The rest of the section is intended to make the rest of 
the construction, in the ^"''-direction, irrelevant (well, mod ^a, etc) using the wnf- 
delayed uniqueness assumed in clause (c) of 8.14, justified by 8.6. The net result is 
that we can find {{Mp, Jp, f) : p G ^2) which are <S*-above (M, J, f ) and for p ^ 
u e ^2, there is no <^-embedding of into M'g if (M'^, J^,f^) <T (M', J',f'). 
That comes instead of using F, the amalgamation choice functions in §10. 

For constructing {{MP, Jp, fP):pe ^2) as above, again we use ((M^'«, J'''", f^'") : 
p e *2, ct < A) for z < a such that for a club oi 6 < d the model U{M^'°' : a < (5} is 
brimmed over MP'^ for /3 < 7. 

8.16 Claim. [Under the assumptions of 8.I4] 
If^ then ® where 

Kl (a) (M, A^, a) G K^^'^^ has non-uniqueness for WNF^ 

(b) S < is divisible by \^ 

(c) d is a u-free (0, 5)-rectangle, let M^ = Mq^^ for a < S,aa = ao,a 

for a < S and a = oq 

(d) (M, N, a) <„ni (Mo, Ml, a) equivalently (M, N, {a}) <l (Mq, Mi, IJq) 

(e) Ms is brimmed over M^ for a < 5 

(/) 6 G correct((M„ : a < d)), i.e. if Ms <s N then some p G y^%Ms) 
is realized in N and does not fork over Mp for some (3 < 6 
(on correctness, see Definition 5.14) 

(g) (Mo, M',b) e FR2 and M' n Ms = Mq and M' is brimmed over Mq 

® there are di,d2 such that 

(a) d^ is a u-free (1, d + l)-rectangle for £ — 1,2 

m ^0,0 = b 
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(7) 

(C) 

iv) 



d, r(0,5) = d/or£ = l,2 

di r(i,o)-d2 r(i,o) 

Ko = <o = M' and b% = b = b^^, 

M^^g, M^^g are Ts-incompatible over {M^}^ = M^^q) + Mi 



if k, di, 6.2, f satisfies •! — #4 below, then we can find a triple 




isomorphism from Ni onto N2 extending idu' U / where 



(for 1 = 1,2): 
• 1 di is a u-free rectangle 
•2 P{di) = l 

•3 a{d£) > 5 and d^ \ (0, 5) = d 



•4 / is an isomorphism from Mq^^^^^^ onto M^^^^^^-^ over Mq^. 



Remark. 1) In the proof we use wnf-delayed uniqueness. 
2) This claim helps. 

Proof. First, letting = M', we can choose Ml, Ml such that (for £=1,2) 

®i M, <s M^^ 
®2 Ml <, Mi 
®3 Mi nMs = Ml 

®4 WNF(Mo, Ml, M*,Mf) hence (Mo,M*,6) <bs {Mi,Mi,b) 
®5 Ml, Ml are r-incompatible over M* + Mi. 

[Why? By S(a) and m{g) recalling Definition 8.11(2).] 
Second, we choose A^f for £ = 1, 2 such that 

®6 WNF(Mi, Ms, Mi, Ni) for £=1,2 

®7 wnf-delayed uniqueness: if £ e {1, 2} and M^+i, iVj^^, N^^-^ satisfies 

WNF(M5, M^+i, Ni, iV|_^i) for k = 1,2 then we can find (/, A^) such 
that A^|_|_i <g N and / is a <s -embedding of Ng_^i into N over M^ 
(hence over M*) and over M^+i. 
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[Why is this possible? As Ms is brimmed over Mi by cluase (e) of Kl we are 
assuming, and s has wnf-delayed uniqueness by clause (c) of Theorem 8.14 and we 
apply it (Ml, Mf, b) <2 (Ms, iVf , b) recalling u is self-dual and 8.8.] 

Note that in ®6 we can replace by A^l if A^f <s N^^ or M^UMs C N^^ <s Af . 

Third, by the properties of WNF, for i = 1, 2 we can choose Af^ and a u-free 

(l,5)-rectangle with M^ = , 6jo = ^ \ (0, ^) = d [ ([0, 0], [1, 5]) and 
m5<. At,Af <, Ai. 

Now d'j^, d2 are as required. Ds.ie 



8.17 Proof of 8.14- In this case, for variety, instead of using a theorem on u from 
§2 or §3, we do it directly (except quoting 9.1). We fix a stationary S <^ d such 
that d\S ^ WDmId(9) and is a set of limit ordinals. 

We choose q witnessing 8.5(2) for S so without loss of generality Sg = S so g is 
u-2-appropriate. Let () be any u — {0, 2}-appropriate function. We restrict ourselves 
to K^^'* := {(M, J,f) G K^^ : Mq G is saturated (above A), Mg has universe 
an ordinal < and f \ {d\S) is constantly 1 and (a G d\S ^ Mq,_|_i is brimmed 
over Mq,}. We now choose ((M'', J'?, P) : ?7 G "(2^)) by induction on a < d+ such 
that 

©a (a) (M^, J", f'') G K^*'* for t] G "(2^) 

(6) ((M^f^, J'^f'^, f'f'^) : /3 < a) is <2*-increasing continuous 

(c) if a = /3+1 and /3 is non-Hmit and ry G "(2^) then the pair ((M'^f^, J^f^, f^^), 

(M'', J'', f)) obeys^° g if a is even and obeys f) if a is odd 

(d) if a = /3 + 1, /3 is a limit ordinal, v G ^(2^) and £i 7^ £2 < 2^ and so 

= i,-{£^) is from "(2^) for £=1,2 then not only ,Mf 

are not isomorphic over M^, but if (M''', J'?', P') (M^ J^f^) 
for £ = 1, 2 then Mg,Mg are not isomorphic over Mg. 

By 9.1 this suffices. For o: = and a limit there are no problems (well we have to 
show that the limit exists which hold by 1.19(4), and belongs to K^^'* , but this is 
easy by 7.28(2)). 

So assume a = 5 + 1, 77 G ^2 and we should choose ((M^~<=>, J^'<^>, f'7"<£>) : 
e < 2^), let be the universe of Mg. 

Let El be a club of 9 = A+ such that if a < 5 G £"1 then f(a) < 6 and M^ is 
brimmed over M^. Let E2 = EiU {[S,S + f (5)] : 5 e S n Ei}, and without loss 
of generality M^ is brimmed and if 5 G S (1 Ei then M^+i is brimmed over Ms 
(can use g to guarantee this, or increase it inside M!? with no harm). Let h be 



we may combine 
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the increasing continuous function from A+ onto E2 and E = {5 < X'^ : 5 a limit 
ordinal and h{5) = 5} a club of A"*" = d. 
So 

ffl (a) (M2,M^+,,JS)e FR2= FRi 
(&) Mq is brimmed 

(c) is brimmed over Af^(^) if a e £^1 n 5 

(d) if /i(a) e 5 then h{a + 1) = + 1 (used?). 

Now s has non-uniqueness for WNF hence we can find (A^, a) such that the triple 
(Mq,A^, a) has the non-uniqueness property for WNF; without loss of generality 
N\Mq is [7*, 7* + i<>) for some ordinal i<> < A. 

Now we choose dp for p e ^2 by induction on e < A""" such that (recalling u is 
self-dual; note that d looks inverted letting = (A(l + C) • C ^ ^) 

for p G '^2 

(a) dp is an u-free (a*^, £)-triangle 
(6) {Ml AT, {a}) = (M„^{^, M^^^o, J^;^) 

(c) if C < £ then d^f^ = \ (a^, C) 

(d) = MJI^^^ for C < £ and ij^^ = Jj for C < £ 

(e) M^^i^^^i is brimmed over M^^^^ U M^^^^ when C < £, * < A(l + C) 

(/) if £ = C + 1 and z < A then^^ M^;_^^_^^^ is brimmed over mJ"^ 

(^f) if £ = C + 1 and z < A and p G y^''{M^^^-J then for A ordinals 

j G [z, A), the no n- forking extension of p in =5^"^*^ (M^^"^^^- ^) is realized 

by the b G Jt+i,, in 

(/i) if £ G i?! n 5" so 1 + £ = £ then clause (ry) of ® of 8.16 holds with 
dual(dp r (A£,0)), A£, (Mo^iV,a), (M^M^+^J^^), 
dual(dp-<o> \ [0, A£], [£,£ + 1]), dual(dp-<i> \ [0, Ae], [£, £ + 1)) here 
standing for d, 6, {M,N,a), {Mo,M',{b}), di, d2 there 

(i) the set M^^^^^^^^\M^ is [7,, 7, + A(l + £)). 

There is no problem to carry the definition. 

Lastly for p G ^2 we define (M'?'^, J^'^, f?'^) by: (let E C a = A+ be a thin 
enough club): 



actually can waive clause (f),(g) 



136 SAHARON SHELAH 

m (a) M^^P = M^^ll^^^^ for £ < A 
(6) f'^^P = n 

(c) J^'^ = when £ G U{[5, 5 + r'(5)) : 6 e E}. 

Now let (^Sg : £ < 5 = A"*") be a partitfon of A"''\S' to (pairwise disjoint) sets from 
(WDmIdA+) + . 

Now we define a function c: 

its domain is the set of x = (pi, p2, /, d) such that: for some e e SHE C A""" 

(a) pi,p2e^2 

(b) d is a u-free (£, l)-rectangle with q = for C < £ 

(c) M^^o = M,^-^^)^^ for C < e 
id) Jjo = I^,- for C < £ 

(e) M^AmJ,^^^)^^ C [7, + A+, 7* + A+ + A+) 

(/) / is a <,-embedding of M^^^^^^ ^ into M^, over MJl^^^ = M^^' for 
£=1,2 

(*)2 for X = (pi, /, d) as above, say with e = £g{pi) — -^(7(^2) we have c(x) = 
1 iff there are d+, /+, A^* such that letting i^c = pf{0) for £ = 1,2: 

(a) d+ is a u-free (£ + 1, l)-rectangle 

(6) d+ f (£, 1) = d 

(C) <(T+e),s+l <^ ^* and M,d;i,i <, AT* 

(d) /+ is a <s-embedding of M^^^^^g) g+i i^^o A?"* extending /U idM^^ 

Note 

® if (M'l'P.J'^^^f'i'P) <qt (M*, J*,f*) and the universe of is an ordinal 
< A"*""*" and tt is a one-to-one mapping from Mg onto 7* + 9 + 9 over 7* -|- d, 
then we can find (e^ : £ < A"*") such that for some club E of d 

(a) eg is a u-free {e, l)-rectangle 

(b) M;:, = M^^,^^^^^ for C < £ 

(c) J^^o = ij"^ for C < e 

(c/) M,^;AM^^('',^^)^^ C [7, + A+, 7* + A+ + A+) 
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(e) ii e E E then there is a u-free {e + 1, l)-rectangle e+ such that e+ \ 
{s+l) = ee+i 

(/) : e < d) is a <5-increasing continuous sequence with union 

7r(Mg) which has universe 7* + A+ + A+. 

For each C < A""" as 5^ C A+ does not belong to the weak dimaond ideal, there is a 
sequence Qi^ G *^'^^)2 such that 

(*)3 for any pi,p2 e ^2 such that pi f 5^ = Os^ and iV* G (M*, J*,f*) G 

which is <qt-above (M^'^^ J^'^^ P'^^) = < q+ 

<^[s] -embedding / of Mq'^^ into Mg over M^, letting (e^ : 5 < 9), tt be as 
in ® for the pair ((M^, J^, H), (M*, J*, P) the set {S e : c(pi f 5,p2 t 
6, f \ 6, es) — q{S)} is stationary. 

Now for any u C d we define p„ e ^^2 by 

(*)4 for C < 5, £ < 2 let pu \ S2(^+£ be 02(^+e if [C ^ 'i* ^ = 0] and otherwise 
(*)5 let Pu \ So be constantly zero. 

Let {u{a) : a <2^) list ^(7) and for a < 2^ let (M'?"<«>, J'?"<«>, f'7'<«>) be 
Clearly they are as required. □8.14 

* * * 

8.18 Exercise : 1) Assume t is an almost good A-frame, u = uj^ from Definition 4.29 
then for some u — {0, 2}-appropriate f}, for every M e K^x++ we have 

(a) M is A"''-saturated 

(b) if Mo e Kt is <^[t] M and p e y^^iMo) 

then dim(p, M) = A^"*" that is, there is a sequence (tta. : a < A++) of members of 
M realizing p such that: if Mq <t Mi <^[t] M then {a < A++ : tpt(a. Mi, M) does 
not fork over Mq} is a co-bounded subset of A"''"'". 
2) Similarly if t has existence for K^'^^ and u = u^, see Definition 8.3. 
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8.19 Theorem. i{X++,K') > i{X++ , K%X+ -saturated)) > /iunif(A++, 2^^) and 
even > ^iunni^'^'^ i 2^^) for any Us — {0, 2} -appropriate f) (so we can restrict 

ourselves to models X'^ -saturated above X and if $ = s' also to Ts-fuller ones) when : 

(a) 2^ < 2^'' < 2^^ 

(6) 5 has non-uniqueness for WNF (for every M e Kg) 

(c) K is categorical in X 

(d) u has existence for K^'^^ . 



Proof. We shall use 8.6, 8.12, 8.14. So assume toward contradiction that the 
conclusion fails. We try to apply Theorem 8.6, now its conclusion fails by our 
assumption toward contradiction, and clause (a) there which says "2^^ < 2^^^ < 
2A++« Jiolds by clause (a) of the present theorem. So necessarily clause (b) of 
Theorem 8.6 fails which means that u has wnf-delayed uniqueness, see Definition 
8.7. 

Next we try to apply Theorem 8.14, again it assumption fails by our assumption 
toward contradiction, and among its assumptions clause (a) which says that "2''^ < 
2^ < 2^ " holds by clause (a) of the present theorem, and clause (c) which says 
"s has wnf-delayed uniqueness" has just been proved. So necessarily clause (b) of 
8.14 fails which means that s fails non-uniqueness for WNF, i.e. for some M. 

Now we apply Observation 8.12, noting that its assumption "s is categorical in 
A" holds by clause (c) of the present theorem, so by the previous sentence one of the 
equivalent phrases the first fails, hence all of them. In particular s has uniqueness 
for WNF. Dg.ig 



§9 The combinatorial part 



We deal here with the "relatively" pure-combinatorial parts. We do just what is 
necessary. We can get results on IE{d~^ , ^u)^ we can weaken the cardinal arithmetic 
assumptions to ^ DfWD^, see [Sh:E45], we can weaken the demands on ^; but 
not here. 

Recall the obvious by the definitions: 

9.1 Theorem. If 2^ < 2^^ then {M^/ ^: r/ e ^^(2^) and \\MJ = d+} has 
cardinality > /Xunifl^''', 2^) when the following conditions hold: 

® (a) M = (M^:?7G^^>(2^)) 



NON-STRUCTURE IN A++ USING INSTANCES OF WGCH 139 

(5) for rj E ^^>(2^) the model has cardinality < d and for notational 
simplicity has universe an ordinal < d'^ 

(c) Mrj C My ifr]<i'E ^^^(2^), so no a.e.c. appear here! 

(d) (M^fQ, : a < ig{ri)) is ^-increasing continuous for any rj e ^^>(2^) 

(e) M^:-U{M^ra:«<^+}M^e^^(2^) 

(/) ^/^ e ^^>(2^) and ai < ^2 < 2^ and r]^ (ai) <uie^2 

for £ — 1,2 and d < then M^^ , M^^ are not isomorphic over 
or just 

if)i f^'^ V ^ ^^'^2, there is ^ 2^ of cardinality 2^ such that: if 
ao 7^ CKi are from '^jj and rj" {at) < G "^2 for i <2 and 5 < 
then Mi^Q, Mi,^ are not isomorphic over M^. 



Proof. Concerning clause {i)^ we can by renaming get clause (f), so in the rest of 
the proof of 9.1 we can ignore clause (f)j~. 

Note that Sq {q E (2^) : ||M^|| < d+} has cardinality < 2^ (because for 
each r] E there is < 5+ such that = M^|-q,^; and note that by clause (f) 
we have r]i E Eq A r]2 E Eq A q;^^ = ar,^ A r]i \ a^^ = r}2 \ ar^^ =^ r]i = 772)- So by 
clause (b) of ® it follows that rj E ^^(2^)\So ^ = d+. 

It suffices to assume that S C ^^(2^) has cardinality < /Uunif (S"*", 2^) and find 
T] E^^ (2^) such that p EE ^ ^ M^y, because without loss of generality Sq C S. 

Let (?7^ : C < |E]|) list E and let A^^ := M^^ and toward contradiction for every 

v E ^^(2^) we can choose Qi, — C,{y) < \E\ and an isomorphism fi, from M^, onto 
-^C(i^)' ^ function from Mi, onto M^^^^^y 

For C < |S| let ^ {v E ^^(2^) : = C}, so clearly: 

(*)i ^^(2^) is equal to \J{W(^ : C < \E\}. 

[Why? Obvious by our assumption toward contradiction.] 

(*)2 if i < 9+ and p E '(2^), then there are no ffi 7^ £2 < 2^ such that {ei)<Wii E 
Wc^ for I = 1,2 and \ M^ = \ M^. 

[Why? By Clause (f) of the assumption.] 

Together we get a contradiction to the definition of Punii{d~^, 2^), see Definition 

0.4(7). Dg.! 



Similarly 
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9.2 Claim. 1) In 9.1 we can replace 2^ by {xi ■ i < d) with Xi < 2^. 

2) Also we can weaken clause (f) or (f)i there by demanding 5 = 8'^. 

3) Assumed is an a.e.c. and in 9.1 we demand M^, <^ e Aforv^rj e ^^^(2^). 

If we strengthen there clause (f)^ by strengthening the conclusion to "if rj^ {£) <rj£ e 
2 for £ = 1,2 then M^^,M^^ cannot be < ^-amalgamated over M^" then : 

(*) for every S C ^^(2^) of cardinality < //unif (c^"*", 2^) for some -q e ^^(2^) the 
model has cardinality 5+ and cannot be < ^-embedded in for any 
G S 

(**) if 2^^ > (2^)+ then there isE C ^^2 of cardinality 2^^ such that ifrj^ue 
S then M„ cannot be < ^-embedded into My. 



Proof. Left to the reader (easier than 9.7 below and will not be used here). ^9.2 

Remark. Why do we prefer to state 9.1? As this is how it is used. 

9.3 Lemma. Assuming 2^ = 2^^ < 2^ (and naturally but not used 2^ < 2^^ ) and 
®{a) — (e) of 9.1, a sufficient condition for clause (/)]" of 9.1 is: 

(a)+ M = {Mr, : ?7 e ^^>(2'^)) and {M*^^ : ( < d) zs C-zncreaszng with union Mr, 

such that C < d ll-^??,cll < ^ 
(1)2 f^'"' ^o,ch T] e ^^>2 we can find {M^^p : p G ^-2) such that 

(a) {M^j^p : p G ^2) is a subsequence of {M^^-^ay '■ < 2^) with no 
repetitions so M^^^p = Mrj'-<^a(p)> for some one-to-one function p 1— > 
a{p) from ^2 to 2^ 
{(3) ifpe^>2thenM,,^peK^d 

(7) ^/P £ then {Mrj^p\a '■ ol < ig{p)) is C-increasing continuous 
(6) [j{Mrj,pie -.sKdyis equal to Mr,,p = Mrj-^a{p)> for any p G ^2 
(s) d is regular uncountable and for some sequence {Se : s < d) of pair- 
wise disjoint non-small stationary subsets of d (i.e. e < d ^ Se & 
(WDmlda)^) we have 

{*) for every e < d, there is a pair {g, c) = {g^, c^), may not depend 
on e such that: 

•1 9= {9v,P : P e ^2) 

•2 9ri,p is a function from d to Jf^d{d^) 

•3 «/2^ > 9+ and po, Pi G ^2,pi \ Sg is constantly zero, 
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6 < d+,r]'-{a{pi)) < E ^{2^) for£ = 0,1 and f is an 
isomorphism from M^,^ onto M^^ then for some club E of 
d, if ( E E (1 Ss we have 

grj,p, \C,M,,,^,M,^,f\Mrj,p,ic) 

•4 if 2^ = d'^ : as above but c is preserved by any partial 

order preserving function from to 9+ extending id.M'^ ■ 



Remark. 1) We can immitate 9.7. 

2) If 2^ — 5+ then it follows that d = d^^, so they give us stronger ways to 
construct. 



Proof. First 

K for 7/ e ^^>(2^) and e < a there is Qr,,e E ^^^^2 such that: 

(*) if po 7^ Pi are from ^2,rf {Q.{pi)) < z/^ G ^2, 5 < d'^ and / is an iso- 
morphism from Mjyg onto M^^ then for stationary many ^ e iSg we 
have: 



[Why? First if 2^ > 9+, use the definition of ^ WDmId(5), (see more in the 
proof of 9.6). If 2^ = 9 A 2^ = 9+, the proof is similar using the invariance of c^, 
i.e. •4. 

Lastly, if 2^ = a A 2^ > 9+, use p^^id) > d+ , see 0.5(1A).] 

Let T] E ^^>(2^). For any w C d we define p^^^ E ^2 as follows: Prf,w{i) is Qr],e if 
for some e < d and £ < 2 we have i E 825+1 A[s E w = £ = 1] and is zero otherwise. 
So {arj{pn,w) : C 5} is as required in (f)j". Dg.a 
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9.4 Theorem. If 2^ < 2^^ and n = ^unif(9+,2^) then : 

(A) ^ UnfTId^(a+) 

(B) UnfTId^^ (9"'") is fii-complete when < A*i = cf(/Ui) < fx; see 0.4(4), (5) 

(C) n = 2^^ except maybe when (all the conditions below hold): 

® (a) n < 

(b) fi^^> = 2^^ 

(c) there is a family C \fif^ of cardinality > 2^^ such that 
the intersection of any two distinct members of £/ is finite. 



Remark. So in the aleph sequence jj, is much larger than 2^, when n ^ 2^^. 



Proof. By [Sh:f, AP,1.16] we have clauses (b) + (c) of ® and they imply clause (a) 
by [Sh 460] (or see [Sh 829]). 09.4 

9.5 Claim. Assume d > 9 > 'i<o is regular and 2^ = 2<^ < 2^. Then {Mr,/ =: 
ry G ^2 and Mr, has cardinality d} has cardinality 2^ when the following condition 
holds: 

® (a) M = {Mr, : 77 G ^-2) with Mr, a t -model 

(b) for rj G ^2, {Mn\a : ct < d) is C-increasing continuous 

(c) z/ ?7 G ^>2 and 77" {£) < z/^ G "2 for i = 0,l anda<d then M^^.M^^ 

are not isomorphic over M<> or just for a = d 

(d) M<> has cardinality < d 

(e) Mr, has cardinality < d for rj G ^^2. 



Proof. As in the proof of 9.1 we can ignore the 77 G ^2 for which Mr, has cardinality 
< d. 

As all^^oll < 2<^ < 2^ this is obvious, see I. ^^^88r-0.9 or see Case 1 

in the proof of 9.7 below. Dg 5 

The following is used in VI. ^^^^E46-3c.22 ^^^^ (and can be used in VI. ^^^^E46- 

2b. 32 but compare with 9.5!) 
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9.6 Claim. The set {M^^/ =: 77 e 2 and has cardinality d} has cardinality 
> fj, when 

Ml d = d{d) > Ko and 

(a) Mn is a r-model of cardinality < d for rj E ^^2 

(b) for each rj e ^2, (M^fQ, : a < d) is Q-increasing continuous with union, 
called Mr, 

(c) iff} E ^^2, Tj^ {£)<pe E ^2 fori — 1,2 then Mp^, Mp^ are not isomorphic 
over Mrj 

^■2 di WDmId<^(a), e.g. fi = fi^^id). 

Proof. Let S = {ry G ^2 : has cardinality < d} and for ry e S let o:^ = min{Q: < 
d : = Mnia}, clearly 

□ 1 (a) ?7 G S implies < 9 

(b) if ?7 e S and rj \ a<i' E '^\{r]} then a^, > ar,. 

For each ^ e ^2 we define : ^^2 ^ ^^2 by: for r/ e "2 let F^(r]) E "^^9^^1)2 be 
defined by (Fg(r7))(2i) = r]{i), {Fg{r])){2i + 1) = g{i) for i < a. Easily (Rang(F^) : 
g E ^2) are pairwise disjoint, hence for some g E '•'2, the sets Rang(Fg) is disjoint 
to S so without loss of generality (by renaming): 

□2 S = 0. 

Let {Ng :£<£*} be a maximal subset of {Mp : p E ^2} consisting of pairwise 
non-isomorphic models. 

Without loss of generality the universe of each M^^^rj e ^^2 is an ordinal 7^ < 9 
and so the universe of each M^, 77 G ^2 is 7^^ := U{7^fi : i < 9} = 9, in particular 
the universe of is d and 77 G ^2 ^ 7^ = 9. For a < d and rj E "2 let the 
function /i^ be hrj{i) — M^|-(j_|_i) for i < ig{rj). For each £ < we define Sg. C ^2 
by Sg = {?7 G ^2 : is isomorphic to A^g}. 

For r] EEs choose : N^., an isomorphism, hence G ^5. 

By the assumption 

□3 if e < s* and r; G ^>2 and ?7'(^)<i^£ e for £ = 0, 1 then f 7^ ^ /^^^ f 7^. 
We also for each £ < £* define a function (= colouring) Cg from ('^2 x '^5) to 
{0, 1} by: 
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H4 C£(?7, /) is : if there is v such that 77<lz^ G Sg and f ^ fl and I'iigij])) — 
C£(?7, /)is: 1 if otherwise. 

Now for any ry G Sg, the set 

-E^ = {5 < 9 : 7^f5 = (5 and f 5 is a function from 5 to 5} 

is clearly a club of d. 
Now 

□5 if £ < ?7 G and 5 G E^ then 0^(77 f 5, \ S) = r]{5). 

[Why? If 77(5) = then 77 [ 6 witness that 0^(77 [ 5, \ 6) = 0. If 77(5) = 1 just 
recall Hs.] 

Hence we have Sg G WDmTId(9). To get a contradiction it is enough to prove 
UjSg : e < e^,} 7^ ^2, but as < /i clearly Sg belongs to WDmId<^(9) hence 

e<e, 

is not ^2, so we are done. Dg.e 

The following is used in VI. ^^^E46-2b.32 VI. ^^^E46-3c.28 

VI. ^^^^E46-3c.22 ^^^^ which repeat the division to cases. 

9.7 Claim. The set {M^/ =: 77 G ^2 and ||M^|| = d} has cardinality 2^ when: 

Kli Mn is a r-model of cardinality < d for rj G ^^2, {Mnia '■ ol < ig{r))) is 
C-increasing continuous, and: if 5 < 5(1) < d are limit ordinals, 770,771 G ^2 
and rjo" {£) < t'^ G ^^^^2 and 771' (0) < G '^*^-'^)2 for £ = 0, 1 then there are no 
/o, /i STic/i t/iat 

(a) fi is an isomorphism from M^^ onto M,^^ for £ = 0, 1 

/o r = /i f arid M,, = /o(M^J 

(7) /o?" some Pi G ^2 lye have v'^ < /or £ = 0, 1 arid Mp^, Mp^ are 
isomorphic over M^^ 

d = cf(a) > Ko, a ^ WDmId<p(a) ^/ler^ce 2<^ < 2^) and moreover 

KI3 9 7s a successor cardinal, or at least there is no d-saturated normal ideal 
on d, or at least WDmId(9) is not d-saturated (which holds if for some 
9 < d, {d < d : cf{d) = 9} ^ WDmId(9) because the ideal is normal). 

9.8 Remark. 1) Compare with I. ^^^^88r-3.5 ^^^^ - which is quite closed but 
speak on ^ rather than on a specific {M^-.rje ^>2). Can we get = 2^? 
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Also A"*" there corresponds to d here, a minor change. 

2) The paraUel claim was inaccurate in the [Sh 576, §3]. 

3) Used in VI. ^^^E46-2b.32 



Proof of 9.7. Easily, as in the proof of 9.6 without loss of generality 
□ i 1] E ^2 ^ W^vW ~ ^ while, of course, preserving Kli. 

We divide the proof into cases according to the answer to the following: 

Question : Is there rj* E ^^2 such that for every u satisfying rj* < u E ^^2 there are 
POt Pi £ such that: z^<Po; ^ Pi: and for any z^Q; ^i ^ ^2 satisfying pg^i'i, (for 
£ = 0, 1) the models Mj^^, Mj,^ are not isomorphic over M^.? 

But first we can find a function h : ^^2 ^^2, such that: 

(*) the function h is one-to-one, mapping ^^2 to ^^2, preserving o, satisfy- 
ing {h{y)Y {t) < h{y'' {()) and h is continuous, for G ^2 we let /i(z/) : = 
y h{v \ a), so ^g{r|) <d^ ^giKv)) < d and: 

a<d 

(6)yes when the answer to the question above is yes, it is exemplified by r]* = h{{)) 
and Mh(pg), -^/i(pi) isomorphic over M;j(<>) whenever u E ^^2 and 

h{u^ < i >)< Pi E ^2 for i = 0,1 

(6)no when the answer to the question above is no, h{{)) = () and if a + 1 < (3 < 
d,ri E ""'"^2 and h{r]) < p£ E ^2 for £ = 1,2 then we can find z^i, z^2 and ^r* 
such that Pi E ^2 and g* is an isomorphism from M,^-^ onto M^,^ over 

[Why can we get (6) no? We choose h{r]) for 77 G "2 by induction on a such that 
h{r]) = 77 for a = 0, h{r]) = U{h{r] \ (3) : (3 < a} when a is a limit ordinal, and 
ifa — (3+l,i<2 apply the assumption ("the answer is no") with h{rj)'' < i > 
standing for r]* and let /i(?7" < £ >) be a counterexample to "for every u"; so we 
get even more then the promise; the isomorphism is over Mfi(^r]\a)~ (i) rather than 
Mh(r]\a): and note that hivjY {I) <\ hir]" {€)) .] 

Case 1 : The answer is yes. 

We do not use the non-9-saturation of WDmId(9) in this case. Without loss of 
generality h is the identity, by renaming. 

For any rj E^2 and C-embedding g of Mq into := \^ M^i^^, let 

'^v,9 '■~ {'^ £ ^2 : there is an isomorphism from Mj, onto extending g} 
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:= {v E 2 : there is an isomorphism from onto M^}. 

So: 

02 I g I < 1 for any g and 77 e ^2. 

[Why? As if t'o, ^^i ^ ^^^^ are distinct then for some ordinal a < d and e '^2 we 
have v := vq \ a = vi \ a, 1/0(0) 7^ 1^1(0;) and use the choice of h{v^ see (6)yeg 
above.] 

Since = \j{E^^g : g is o. <^ -embedding of Mq into M^}, we have 

Hence we can by induction on < 2^ choose 77^ e ^2\ \^ S^^ , (exist by cardinahty 

considerations as 2^^ < 2^). Then ^ < C =^ ^ ^vc have proved the 

desired conclusion. 

Case 2 : The answer is no. 

Without loss of generality has as universe the ordinal 7^ < 9 for ry G ^^2. 
Let {Si : i < d) be a partition of d to sets, none of which is in WDmId(9), possible 
by the assumption KI3. For each i < d we define a function Cj as follows: 

□4 if 5 G Si and 77, z/ G ^2 and 'Jn = 1u = S = '^h{r)) = lh{u)^ and f : 5 ^ S then 

(a) Ci{ri,u,f) — if we can find ?7i , ?72 £ ^2 satisfying h{r])'' {0)<r]i and h{u)^{0)< 
r]2 such that / can be extended to an isomoprhism from M^^ onto M^^ 

(b) Ci(r/, //,/) = ! otherwise. 

So for i < d, as Si ^ WDmId(9), for some g* G ^2 we have: 

(*)j for every 77 G ^2, G ^2 and f E the following set of ordinals is stationary: 

{5 e Si : c,{7^\ 5,1^ \5J\ 5) ^g*{S)}. 

Now for any X C 5 let 77X G ^2 be defined by: 

□5 if q; G Si then i e X ^ r]x{o() = 1 - Qiioc) and i ^ X ^ r]x{o() = 0. 
For X C a let px := ?7{2riex}u{2i+i:ie9\x} e ^2. Now we shall show 

® a X,Y C d, and X F then My^(^p^-^ is not isomorphic to M^p^y 
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Clearly © will suffice for finishing the proof. 

Assume toward a contradiction that / is an isomorphism of M^p^^ onto M^p^y, 
as X there is i such that ieX^i^Y so there is j e {2i, 2i + 1} such that 

□e Px \ Sj = {I — g'jicx) : a E Sj) and pY \ Sj is identically zero. 

Clearly the set E = {5 : f maps 5 onto 5 and h{px \ 5), h{pY \ 5) G ^2 and the 
universes of Mf^(^p^ f^), M^p^ ^-g-j are 5} is a club of d and hence Sj H E 0. 

So if 5 e Sj n E then / extends / \ M^p^yg and / is an isomorphism from 
^h(px) ^^^^ ^h{pY)'i by choice of Q*j we can choose 5 e Sj (1 E such that: 

□7 c,(px \S,pY \5J \5) = g*i5). 

Also by the choice of j, i.e. He we have 

□s Px((^) = 1 - g*{S) and py{S) = 0. 

Subcase 2 A : px{S) = 0. 

Now Px r 5< (px r Sy{px{S)) = {px ISy <0> <px e ^2 and (py ^ 5) < (pr t 
^) (py(<^)) = py^ < > <py e ^2 (as px(5) = by the case and py(5) = 
as 5 e and the choice of j, i.e. by He)- Hence /, px^Py witness that by the 
definition of Cj we get 

®i c,(px r<^,pr r<^,/ r<^) = 0. 

Also, by Hs 

®2 = px(5) = 1 - Q*{5) so ^*(5) = 1. 

But (8)1 + (8)2 contradict the choice of 5, (indirectly the choice of ^*), i.e., contradicts 
□7. 

Subcase 2B : px(5) = 1. 

By Hy and He and the case assumption we have Cj(px f 5, py f 5, / I" 5) = 
Q*j{5) = 1 — px((^) = hence by the definition of Cj there are 7/1,772 £ ^2 such 
that h{px \ 5)" < > <i?7i, /i(py f 5)'' < > <\r]2, and there is an isomorphism 
g from M^^ onto M^^ extending / \ d. There is di G (5, d) such that: / maps 
^h(px)lSi onto M^(py)|-5^ and g maps M^^f^^ onto M^2|'<52- Now by the choice of 
h, i.e., clause (6)no above, with /i(py f 5)" < >,?72 \ Si, h{pY) \ here standing 
for u, pi, p2 there and get t'l, 1^2) 9* as there so 7/2 \ Si <i'i E ^2, h{pY) \ 5i<i'2 G 
^2 and is an isomorphism form M^^ onto Mj^j over M/i(py) f5-<o>- So this 
contradicts Kli in the assumption of the claim with 5, 5i, /i(px t '^), ^(py t \ 
5i,/i(px l'5i),?72 f5i,/i(py) t^i,/ \Mr^^^Si,g t M/j(p^ ^5^), z^i, 1^2 here standing for 
5, 5(1), ?7o, ?7i, pq, vi, v'o, v'l, /o, /i, Po, Pi there. Dg.T 
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§10 Proof of the non-structure theorems with choice functions 

When we try to apply several of the coding properties, we have to use the weak 
diamond (as e.g. in 9.7), but in order to use it we have to fix some quite arbitrary 
choices; this is the role of the F's here. Of course, we can weaken 10.1, but no need 
here. 

10.1 Hypothesis, u is a nice ^-construction framework (so d is regular uncountable) 
and r is a u-sub-vocabulary. 

10.2 Definition. We call a model M e i^u standard \{ M e := {M e K^: 
every member of M is an ordinal < d^} and = {K°, <si \ K°). 

Convention : Models will be standard in this section if not said otherwise. 

10.3 Definition. 1) Let K"^ = K'^^ be the class of quadruples (M, J,f,F) such 
that: 

(A) (M, J, f) e K^^ recalling 1.15, and Mg = U{M« : a < d} has universe some 
ordinal < divisible by d hence Mq, is standard for a < d 

(B) ¥ = (Fq, : a < d) where Fq, is a u-amalgamation choice function, see part (2) 
below and"^^ if 2^ = then each Fq, has strong uniqueness, see Definition 
10.4(2) below. 

2) We say that F is a u-amalgamation function when: 

(a) Dom(F) C {(Mq, Mi, M2, Ji, J2, A) : e for £ < 2, Mq <^ Mg, (Mq, M^, Jg) e 

FRe for £ = 1,2 and Mi n M2 = Mq and Mi U M2 C ^ C d+, and 

|A\Mi\M2| < d} 

(b) if F(Mo, Ml, M2, Ji, J2, A) is well defined then it has the form (M3, , J^) 
such that 

(a) Me<s,MseKlgiov£=l,2 
iP) \Ms\ = A 

(7) (Mo, Mi, J,) <i (M3_,, M3, J+) for £ = 1,2. 

(c) if (Mq, Ml, M2, Ji, J2) are as in clause (a) then for some A we have: 
F(Mo, Ml, M2, Ji, J2, A) is well defined and for any such A, the set ^\Mi\M2 
is disjoint to sup{7 + 1 : 7 e Mi or 7 e M2} 



can demand this always 
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(d) if33 F(Mo, Ml, M2,Ji,J2,A'=) is well defined for A; = 1,2 then |Ai\Mi\M2| = 
\A^\Mi\M2\ 

moreover 

(e) if F(Mo, Ml, M2, Ji, J2, A^) is well defined and Mi U M2 C C d+ and 
otp(A2\Mi\M2) = otp(yli\Mi\M2) then also F(Mo, Mi, M2, Ji, J2, A^) is 
well defined. 

3) Let (M\ J\f\Fi) (M2, j2,f2,F2) with at standing for atomic, hold when 
both quadruples arc from and there are a club E of d and sequence I = (Iq, : 
a < d) witnessing it which means that we have 

(a) deE^ fi(5) < f2(5) & Min{E\{6 + 1)) > f2(5) 

(6) for 5 e if i < fi((5) then Mj^. <^<g M|^. and if i < P{5) then Fj^. = 

(c) ((M^, M^, la) : a G U{[5, 5 + f^{d)] : d E E}) is <i-increasing continuous. 

(d) if d E E and z < f^(5) and A is the universe of Mg_^-_^-^ then 

4) We say that (M^,J^f^F^) is a canonical upper bound of ((M", J", f", F) : 
a < S) as in Definition 1.15(4) adding: in clause (c), case 1 subclause (7) to the 
conclusion = F";^^ (and similarly in case 2). 

4A) We say ((M", J", f", F") : a < «(*)) is a <;j* -tower if: 

(a) (M", J", f", F") (M"+\ J«+^ F"+i) for when a + l< «(*) 

(6) if 5 < a{*) is a limit ordinal, then (M'', J'', f^, F'') e is a canonical 
upper bound of the sequence ((M", J", f", F") : a <S). 

5) Let (M, J,f,F) (M',J',f',F') means that for some 

-tower ((M«, J",f",F") : a < «(*)) we have (M,J,f,F) = (M^^^^, 5°, f^, F^) 

and (M', J',f',f ) = (M°(*), J"(*), f^F«(*))^ 

6) We say that the sequence ((M", J", f", F") : a < «(*))) is <[f-increasing con- 
tinuous if it is <y^-increasing and for any limit 5 < a{*) the tuple (M*^, J"^, f^, F*^) 
is a canonical upper bound of the sequence of ((M'*, J'*, f'*, F'*) : a < 5). 

10.4 Definition. For F a u- amalgamation choice function, see Definition 10.3(2): 
1) F has uniqueness when: 

® if F(Mo^Mf,M|,Jf,lf,y4^) = {Mi, Jili) for £ = 1,2 (all models stan- 
dard) and / is a one to one function from A^ onto A^ preserving the order 

Dropping clause (d) causes little change 
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of the ordinals, / maps to Mf for « = 0, 1, 2 (i.e. / \ M} is an isomor- 
phism from Ml onto Mf) and Ji,li onto J?,!?, respectively, then / is an 
isomorphism from Mg onto Mg mapping Jg, I2 onto J^, respectively. 

2) F has strong uniqueness when F has uniqueness and 

® if F(M^, Mf , M|, , If, A^) = (M|, J^, I^) for £ = 1, 2 and / is a one to one 
mapping from MIUM2 onto UM| such that: / |~ Ml is an isomorphism 
from Ml onto M^? for z = 0, 1, 2 and it maps Ji, Ii onto Jf, I?, respectively, 
then \A^\Ml\M2\ — |A^\Mf\M||, and there is an isomorphism g from 
Mg onto M| extending / and mapping J2,l2 onto i^^t^ respectively; and 
moreover, oi^{A\Ml,M^) = otp(A2\M2\M|) and / \ {A\Ml\M^) is 
order preserving. 



10.5 Remark. 1) In Definition 10.3, in part (2) we can replace clause (e) by de- 
manding A is an interval of the form [7*, 7* + 0] where z < 9, 7* = U{7 + 1:76 Mi 
or 7 G M2}. Then in part (3) we have Mg has universe 6 for some 6 < and M^ 
has universe 5 + d. Also the results in 10.7, 10.8 becomes somewhat more explicit. 
2) We can fix F*, i.e. demand Fq- = F* in Definition 10.3. 

10.6 Claim. 1) There is a u- amalgamation function with strong uniqueness. 

2) is non-empty, moreover for any stationary S C d and triple (M, J, f) e K^^ , 
there is_ Fjuch that (M, J, f , F) e with S ^ {6 <d : f (5) > 0} . 

3) If{M,3\f\¥_^) e K'^ then for some (M^, J^, f^F^) e K'^ we have (M^, J^, fi,Fi) 

(M^, j2,f2,F2); moreover, if 5 is the universe of M^ then a < d ^ e 

{[s,d + t) : z < a}. 

4) Canonical upper bound as in 10.3(4) exists. 

Proof. 1) Let X be the set of quintuples x = (Mq, Mf , Mf , Jf , Jf ) as in clause (a) 
of Definition 10.3(2). We define a two-place relation i? on X : xi?y iff x, y G X and 
there is a one-to-one function / from Mf UM^" onto Mf UMf such that / \ Mf is an 
isomorphism from Mf onto Mj for £ = 0, 1, 2 and / maps onto Jf for £ = 1, 2. 
Clearly E is an equivalence relation, and let Y C X be a set of representatives 
and for every x G X let y(x) be the unique y G Y which is i?-equivalent to it and 
let / = /x be a one-to-one function from Mf U Mf onto Mf U Mf witnessing the 
equivalence. 

For each y G Y by clause (F) of Definitin 1.2 there is a triple (Mf , J^'-^, J^''^) 
such that 

(*) (Mo-, Mf , Jf ) <i {Ml_,, Mf , J+'^) for £=1,2. 
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Without loss of generality has universe C 9"'", we can add has universe Mf U 
U [7, 7 + ^) where 7 = sup {a +1 : a E Mf U Mj} where 6 is the cardinality of 
M^\Mf\M^. 

Lastly, let us define F as follows: 

(a) Cx = otpiMp''\Mf-\Mf-^) < d 
and 

(b) Dom(F) = {(x, A) : X e X, Mf U M C A C a and otp{A\M^\M^) = Cx} 
where (x, A) means (M^, Mf , Ms'', JJ, JJ, A) 

(c) for (x. A) G Dom(F) let /x./i be the unique one to one function from 
M^^^^ onto A which extends /x and is order preserving mapping from 
M^^''\Mf^''\Mf''^ onto A\M^\M^ 

(d) for (x. A) e Dom(F) let F(x, A) be the image under /x,a of (Mj^''^ J+'^^''\ J+'^^''^). 
Now check. 

2) By part (1) and ''Kf ^ 0", see 1.19(1). 

3) Put together the proof of 1.19(3) and part (2). 

4) As in the proof of 1.19(4). Dice- 

10.7 Claim. 1) There is a function m satisfying: 

®i i/(M,J,f,F) (M',J',f',f), recalling 10.3(5) then for some function 
h:d^ ,jr<o{d+), but if 2^ = d+ then h : d J^<d{d) we have: 

for a club of S < d the object m(/i \ 6, M, J, f , F, M^) is a model N e Ky, 
such that 

(a) Ms+f(^s) <u N 
{b) M's<uN 

(c) there is N' Mg isomorphic to N over Mg_^_f^g^ + M'g in fact N' = 

®2 m is preserved by partial, order preserving functions from to com- 
patible with idMe 

®3 in fact in above, m{h \ 5, M, J, f , F, Mg) is actually m(/t \ 5, M \ [5,5 + 
f(5) + l,J r[5,5 + f(5)),F r[5,5 + f(5)],M^). 



Proof. By 10.8 we can define m explicitly. 



1^10.7 
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10.8 Claim. (M', J', f, F') (M", J", f", F") iff both are from K'^ and we can 
find a E, a{*) = a*,u,d such that: 

® (a) E is a club of d 
(6) a* an ordinal < 

(c) u is a (^-increasing continuous sequence {ui : i < d) 

{d) i < d ^ \ui\ < d and a* + 1 = U{ai : i < d} and a G uq, E uq and 
(V/? < a)(i3 eui = (3 + leui) 

(e) d = {ds:deE) 

(/) is a u-free {{{d),otp{us))-rectangle, see Definition I.4 

(g) there is a <f -tower ((M", J", f«, F") as in 10.3(6) 

witnessing the assumption and (I'* : a < a^) with I'* witnessing 

(M", J",f",F«) <l\ (M«+\ J°+\f°+\F«+i) 

(so (M°, jO,fO,FO) = (M', J',f',r),(M°=W,J"W ^ 

(M", J",r,F")) such that 

□ z/ /3 e [0, a* + 1), 5 G -B and P & us and j — otp(/3 Pi us) then 
for every i <i{d) 

(a) Mfj=M^^^ 

iP) 3f;, = 3's+^wheni<i{5) 

(7) Iq ''^- = Ig when /3 < a* 

(S) if i < f(5) and /3 < ct* (so otp{(3 fl us) < otp{us)) then 



Proof. Straight. □ 



10.8 



10.9 Remark. If we define the version of 10.3(3) with |M^| = \M^ \ + d then m(— ) 
is O.K. not only up to isomorphism but really given the value. 

10.10 Claim. Theorem 2.3 holds. 

That is, ir{d+,Kg!^) > //unif(5+, 2^) when : 

® (a) 2^ = 2<^ < 2^ 
(6) 2^ < 2^^ 
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(c) the ideal WDmld{d) is not d'^ -saturated 

(d) u has the weak r-coding, see Definition 2.2(5) (or just above 

some triple (M*, J*,f*) e Kf with WDmld(a) \ (f*)"HO} ^ot 

d'^ -saturated) 

(e) \) is \x— {0, 2} -appropriate. 

10.11 Remark. 1) Similarly 2.7 holds. 

2) We can below (in Kl) immitate the proof of 3.3. 

Proof. Clearly when (M*, J*,f*) as in clause (d) is not given, by 10.6(2) we can 
choose it, even with f* constantly zero, so without loss of generality such a triple 
is given. By 1.25(4) and clauses (d) + (e), without loss of generality : 

® I) = (f)07 f)2) witness that {0, 2}-almost every triple (M, J, f ) e Kf above 
(M*, J*, f*) has the weak coding property. 

Let S be such that 

(a) S= {SI :C<d+) 

(b) S* C d 

(c) is increasing modulo [d]^^ 

(d) 5*0* and ^ WDmld(a) 

(e) f* \ (9\S'o) is constantly zero. 

Such sequence exists by clause (c) of the hypothesis. It suffices to deal with the 
case 1)2 is a u — 2 — S'o-appropriate function, see Definition 1.24(2 A). 

We choose {{M'l, J'?, P, F ^) : e ^(2^)) by induction on 7 < 9+ such that: 

ffl (a) (M'', J^, f , F '') G and if 7 = then 
(M'?, J'',f'?) = (M*, J*,f*) 

(b) ifz^5;,(,)thenf,(i) = 

(c) ((M''f^, J''^^, f^/^, F'?f^ : /3 < 7) is <^^-increasing continuous, 

{d) if ?7 e ^+1(2^) and 7 is a non-limit ordinal and a <2^ then the pair 
((M^, 31, f?), (M^"<«>, J^"<7> j^-<a>)) strictly 1 - 5^-obey f)2 
and 0-obey ^0 (see Definition 1.22(1), 1.24(2) 
so without loss of generality for all Tj" {a) we choose the same value 

(e) rj e '>'(2^) and ai ^ a2 < 2^,7 a limit ordinal (even d divides 7) and 
(M'7'<«2>, J^'<«2>,F^'<«2>) <rt (M',J',f',f ) then 

Mq ^"^i-* cannot be <^-embedded into M'q over M^. 
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Why this is enough? By 9.1, noting that 

(*) if 7(*) < d+ and rj" (a^) < e t(*)(2^) for i = 0, 1 and ao < «i < 2^ 
and / is an isomorphism from Mg° onto Mq^ over Mq then 

r], f \ Mq ^ (-^i/i , Ji/i , ; ^^I'l ) form a counterexample 
to clause (e) of ffl. 

For 7 = clause (a) of ffl, i.e. choose (M*, J*, f*) recallng our use of 10.6(2). 
For 7 limit use 10.6(4). 

So assume r] e (2^) and (M", f , F ") has been defined and we should deal 
with := {q^ia) : a < 2^}. 

We choose (q;(0), A^o^Io) such that 

© (a) a(0) < d 

(6) (M^(o)'^o,Io)G FRi 

(c) iVo n M^^ = M^^(o) 

(d) if 7(*) is a non-limit ordinal then (q;(0), A'', I) is as dictated by f), 

i.e. i)o, see Definition 1.24(l)(c) 

(e) if 7(*) is a limit ordinal and (M'', J'', f) has the weak codingi 

property (see Definition 2.2(3)) then for a club of a{l) G (a(0), 7) 
we have: 

(*) if (M«(o), No, lo) <i (M«(i), , I*) and D = M^^,^ 
then there arc a{2) G (ci(l), 7) and A^|, I2 for £ = 1,2 
such that: (M;^(^),iVi,Ii) <i (M^^^)' ^2, if) for £ = 1,2 
and A^2 ; -^2 ^-re r-incompatible amalgamations of 
Ki2y over M2^,y 

Without loss of generality 

(/) I A^o I \^a(o) is an initial segment of d+\\M^\. 

We shall use 9.3. Toward this we choose Ui and if z G ttj also i?^, M^, I^, (but 
is chosen in the {i + l)-th step) for p G *2 induction on z G [a{0),d) such that: 

Kli (a) Mi C [Q;(0),i] is closed 

(6) if J < i then Ui fl (j + 1) = 
(c) i?^ is a closed subset of if] Ui 
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(e) if J G El then f^(j) < min{(^;^\j) or C j} and (j, j + Z^O')] ^ ti, 

(/) M^^ G and M^^ fl = M;^^^) 

((/) {Mp^j : j E Ui) is <^^g -increasing continuous 

(/i) {{Mj, Ip) : J G Ui) is <i-increasing continuous 

iP) if i G U{[C, C + ^(0) : C e ^p} then moreover we get 
(^;K.+i)'l2b'Jpr.) by applying 

(j) if I = ig{p) = J + 1, J is Hmit G and U{Ep^^ : j < ig{p)} 

is unbounded in ^(/(p) and frii^gip)) = and if we can then 
Ui = Uj U {i} and (M^^.<^^,I^-^^>, J^^-^^>) 

for £ = 0, 1 are gotten as in ® above so in particular M^-^^^, M^-^^^ 
are r-incompatible amalgamations of Mj^,M'^ over Mj' 

(/c) if z = i + 1, 5 = max(E^^^.) < z, 5 G 5^, j = 5 + then we act 

as dictated by f), i.e. [)2; moreover this holds for all the interval 
[d + ^(5), 5 + f (5) + i'] for an appropriate i' < d 
by the "dictation" of 1)2 (see Definition 1.22). 

In clause (j) this is possible for enough times, if (M*^, J'', has the weak codingi 
property, i.e. for p G ^2, for a club of i G f~^{0} by the choice of (). Trace the 
Definitions. 

Also (M'^i J'', has the weak coding property by the choice of 1^ and the induction 

hypothesis. 

Clearly we can carry the induction on i < A and by 9.3 carrying the induction 
to 7(*) + 1, so we have finished carrying the induction. So by 9.1 we are done. 

Dio.io 

10.12 Claim. Theorem 2.11 holds. 

That is, ir{d+,K^+) > Aiunif(5+, 2^), when : 

® (a) 2^ = 2<^<2^ 
(6) 2^<2^+ 

(c) u has the vertical t -codingi property above some triple from . 



Proof. Like the proof of 10.10 but: 

Change (A) : We omit S, i.e. 0, the choice of (5** : e < can use = 9, or 
more transparently, use = Sq stationary, d\S^ G (WDmId(9))"'", on act as 
before on d\SQ and act as on S^_^_^\S^ before. 
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Change (B) : We change clause to fit the present coding so any hmit ordinal 
j- □10.12 

10.13 Claim. Theorem 2.15 holds. 
That IS ir{d+, K^+) > 2^^ when : 

(a) 2^ = 2<^ < 2^ 

(6) 2^ < 2^+ 

(c) u has horizontal r-coding property, say just above (M*, J*,f*) 

(d) the ideal WDmId(9) is not -saturated. 

Proof. Similar to the proof of 10.10 but: 

Change (A) : We omit 0, i.e. S* and use Sq = d 

Change (B) : In ffl we use only r] E ^^2 and clause (e) is changed to: 

(e)" if (M'7"<i>, j'7'<i>,f'7-<i>,F''"<i>) (M',J',f',r) then M^'<°> can- 
not be <j^-embedded into Mg over . 

Change (C) : We change Kl clause (j) to deal with the present coding. 

Change (D) : We use 9.5 rather than 9.1. DiO-is 

* * * 

10.14 Discussion : 1) Instead constructing <„*-successors (M'' J'' <"),f'^ ^"^) of 
(M'', J'', f), we may like to build, for each a < 2^ an increasing sequence of length 
C, first with C < ^ then even C < 5+ but a sequence of approximations of height d. 

We would like to have in quite many limit S < d a, "real choice" as the various 
coding properties says. How does this help? If arriving to rj E ^(2^), 5 < d^, v'^ 
the model is brimmed over Ms; this is certainly beneficial and having a 

tower arriving to 6 help toward this. But it has a price - we have to preserve it. 
In case we have existence for K^'^^ this occurs, see the proof of Theorem 8.14 (but 
was proved in an ad- hoc way). 

2) So we have a function l such that; so during the construction, for r] G ^^(2^) 
letting Sr^ := < Igiv) : ((M(''f€)"<«>, j('?^^)~<«>, f ('?f^)~<°>) : a < 2^) is not 
constant} we have: 

(a) if ^ = eg{r]) = sup(5^)+l and t = 6(M'' K^+l), J^^^^+i), /^r(?+i))^ f 'jf^+i)) 

andr]<iye e ^5(^)+^(2^)for^= l,2then (M^i, J^^S PS F^i) = (M^^ J'^^ F^^). 

To formalize this we can use (see a concrete example in the proof in 8.17). 
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10.15 Definition. 1) We say i is a 5-parameter when : 

(a) i = (t, u) 

(6) 6 is an ordinal > 1 but < 

(c) u = {ue : e < d) is a C-increasing sequence of subsets of l of cardinality < d 
with union t 

(d) if 5 is a limit ordinal < d then us is the closure of \J{ue : e < 5}. 

2) We say d is a u-free {[si, £2], i)-rectangle when: 

(a) ei <e2 < d 

(b) d is a u-free ([£1, £2], '')-rectangle 

(so L may be > 9, but then not serious; in fact, it is an u-free ([£1, £2], wj) -rectangle 
but we complete it in the obvious way.) 

3) The short case is when i is short, i.e. l — l,Ua = 1- 
The long case is l = d^Us = e + 1. 

10.16 Discusssion : 1) Above we have concentrated on what we may call the "short" 
case, the "long" case as described in 10.14, 10.15 allows more constructions by 
"consuming" more levels. 

2) Above we can restrict ourselves to the case d — so in 10.3 we then demand on 
{A\Mi\M2) is just "equal to A" and the possible variants of 10.3(2), (a) + (b)(B) 
are irrelevant. 

§11 Remarks on pcf 

This section will provide us two pcf claims we use. One is 11.1, a set-theoretic 
division into cases when 2^ < 2^^ (it is from pcf theory; note that the definition of 
WDmld(A) is recalled in 0.3(4)(b) = 0.3(4)(b) and of ;Uwd(A) is recalled in 0.3(8) = 
0.3(8)), we can replace A"*" by regular A such that 2^ = 2^^ < 2^ for some 0). The 
second deals with the existence of large independent subfamilies of sets, 11.4. This 
is a revised version of a part of [Sh 603]. See on history related to 11.1 in [Sh:g] 
particularly in [Sh:g, 11,5.11] and [Sh 430]. 

Remark. Recall that 

cov(x, iJ,,9,a) = x+ Min||=^| -.^ C [x]^'* and every member of 

[x]^^ is included in the union of < cr members of 
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11.1 Claim. Assume 2^ < 2^"^. 

Then one of the following cases occurs: ( clauses [a) — (A) appear later) 

{A)\ X* — 2'^^ and for some ji clauses {a) — {e) hold 

{B)x for some x* > 2^ and fj, clauses {a) — (k) hold (note: fj, appear only in 

(«) - (e)) 

{C)\ X* = 2'^ and clauses {rf) — (//) hold 

where 

{a) X+ < fi<2^ and d{p) = X+ 

iP) PP(a*) = X* J moreover pp(//) ="*" x* 

(7) (V/u')(cf(/u') < < fx' < fx ^ PP(a*') < A*) hence 
cf(Ai') < A+ < / < /i =^ PPA+(Ai') < A* 

(5) for every regular cardinal x 'in the interval {p, x*] there is an increasing 
sequence {Xi : i < A"*") of regular cardinals > A"*" with limit jjL such that 

X = tcf j ] ! ^'^^ ^ < A+ =^ max pcf{Aj : j < i} < Xi < ji 

\i<\+ / 

{e) for some regular k < X, for any n' < n there is a tree 3^ with < X 
nodes, k levels and \\im.^{^)\ > ji' (in fact e.g. k = Min{6' : 2^ > //} 
is appropriate; without loss of generality ^ C '*>A) 

(C) there is no normal X'^'^ -saturated ideal on A+ 

(ry) there is {^i; : ( < x*) such that: ^ C ^^^^2, a subtree of cardinality 
X+ and ^^2 = {limA+(5c) : C < X*} 

(9) X* < 2^^ moreover X* < A*unif(A+, 2^), but < //unif(A+, 2^) is not used 
here, 

(t) for some ^ < x* u;e have lim;^+(J^) ^ UnfmTId(^*)+ (A"'"), not used 
here 

(k) cov(x*, A^""", A++, Ki) = X* orx* = A"*", equivalently x* = sup[{pp(x) : 
X < 2^, < cf(x) < A+ < x} U {A+}] by [Sh:g, Ch.II,5.4]; note that 
clause (k) trivially follows from x* = 2^^^ 

(A) for no /J, E (A+,2'*'] do we have cf(//) < A"*", Pp(a*) > 2^^; equivalently 
2^ > A+ ^cf([2^]^+,C) =2^ 

(/x) if there is a normal X'^'^ -saturated ideal on X'^ , moreover the ideal 
WDmId(A+) ts, then 2^^ = A++ (so as 2^ < 2^^ clearly 2^ = A+ ). 
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Proof. This is related to [Sh:g, 11,5.11]; we assume basic knowledge of pcf (or a 
readiness to believe quotations). Note that by their definitions 

®i if 2^ > A+ then for any 6 E [Nq, A+] we have cf([2^]^^^, C) = 2^ ^ 
cov(2^, A++, A++, 2) = 2^ ^ cov(2^, A++, A++, 6) ^ 2^ . 

[Why? Because (2^)<^^ = 2^ and cf([2^]^^^, C) = cov(2^, A++, A++, 2) 
> cov(2^,A++,A++,i^o) > cov(2^,A++,A++,^) > 2^ for ^ e [Ho,A].] 
Note also that 

®2 A+ ^ WDmId(A+) and ^^2 ^ WDmTId(A+). 

[Why? Theorem 0.5(2) with 9, d there standing for A, A"*" here.] 

Possibility 1 : 2^ > A+ and cov(2^, A++, A++, «i) = 2^ or 2^ = A+; and let x* ■= 
2\ 

We shall show that case (C) holds (for the cardinal A), the first assertion "x* = 
2^" holds by our choice. 

Now clause (k) is obvious. As for clause (77), we have = 2'*^ < 2'^ . Now if 
2^ — A"*" we let ,5^ = '^^^2, for ^ < x* so clause (77) holds, otherwise as ^^>2 
has cardinality 2^, by the definitions of cov(2^, A++, A++, Ki) and the possibility 
assumption (and obvious equivalence) there is =^ C ['^^>2]^^ of cardinality x* 
such that any A e [''^^>2]''^^ is included in the union of < of them. So 77 e 
^^2 {3A e ^){3^^a < X+){r] \ a e A) so let {A^ : C < X*) list ^ and let 
= {rj I" q; : 77 e and a < ig{r])}, now check that they are as required in clause 

iv)- 

As on the one hand by [Sh:f, AP,1.16 + 1.19] or see 9.4 we have (/Uunif(A"'", 2'^)) " = 

2^^ > 2^ = X* and on the other hand (x*)^° = (2^)^" = 2^ = X* necessar- 
ily X* < Aiunif(A"'", 2'*') so clause (9) follows; next clause (l) follows from clause 
(77) by the definition of Unfrid(^*)+ (A"""). In fact in our possibility for some 
lim;^+(^^) ^ WDmTId(A+) because WDmTId(A+) is (2^)+-complete by 0.5(2), (4) 
recalling ®2 and having chosen x* =2'**. 

Now if 2^^ > A++, (so 2^^ > A+"^), then for some C < x*, =^ is (a tree with 
< A""" nodes. A""" levels and) at least A""""^ A^-branches which is well known (see e.g. 
[J]) to imply "no normal ideal on A"*" is A"'""''-saturated" ; so we got clause (jj). Also 
if 2^^ < A++ then 2^ = A+, 2^^ = A++. 

As for clause (A), by the definition of x* and the assumption x* = 2*^ we have 
the first two phrases. The "equivalently" holds as (2^^)^° = 2^. 

Possibilitv 2 : x* := cov(2^, A++, A++, Ki) > 2^ > A+. 
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So (C)a fails, and we have to show that {A)x or {B)x holds. 
Let 

(*)o H := Min{/x : cf(/x) < A+, A+ < < 2^ and pp(//) = x*}- 

We know by [Sh:g, 11,5.4] that fi exists and (by [Sh:g, 11,2.3] (2)) clause (7) holds, 
also 2^ < pp(;u) < < (2^)^f('^) = 2^+<=f(^) hence d{p) = A+. So clauses 

(a), (7) hold (of course, for clause (/3) use [Sh:g, Ch.II,5.4](2)), and by (7) + 
[Sh:g, VIII,§1] also clause {S) holds. 
Toward trying to prove clause (e) let 

(*)i T := Min{6' : 2^ > //}, 
clearly^^ 

(*)2 a <r ^ 2l"l < and T < A (as 2^ > /x) hence cf(T) < T < A < A+ = 
cf(//) hence 2^^ < ji. 

Let 

(*)3 (a) M be a closed unbounded subset of T of order type cf(T) 

[h) ^* = ( IJ «2, <) is a tree with cf(T) levels and < 2<^ nodes. 

Now we shall prove clause (e), i.e. 

(*)4 there is a tree with A nodes, cf(T) levels and > ji T-branches. 

Case A : T has cofinality Kq- 

In the case T = or just 2<^ < A clearly there is a tree as required, i.e. ^* is 
a tree having < 2<^ < A nodes. So we can assume 2<^ > A and T > cf(T) = 
hence (2^ : ^ < T) is not eventually constant. 

So necessarily (36* < T)(2^ > A)hence 2<^ > A+ (and even 2<^ > A+'^) and 
for some 6* < T we have A++ < 2^ < 2<^ < Let x' = cov(2<^, A++, A++, Ki), 
so x' > and x' < A* by [Sh:g, 11,5.4] and clause (7) of 11.1 which have been 
proved (in our present possibility). 

We try to apply claim 11.3 below with Kq, A"*", 2^^, x' here standing for 6*, k, ji, x 
there; we have to check the assumptions of 11.3 which means 2^^ > A"*" > and 
x' = cov(2<^, A++, A++, Ki), both clearly hold. So the conclusion of 11.3 holds 
which means that (x')^° > cov((2<^)^o, (A++)^o, A++, 2), now (x')^° < fJ'^° < 
(2^)^o = 2^ and (2<^)^o = 2^ > because presently cf(T) = and the choice 



Below we show that T > cf(T) cf(T) > Kq. 
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of T and (A++)^" < (2^)^° = 2^. So by monotonicity 2^ > cov(At, 2^ A++, Ki). 
But cov(2^ A++, A++, «i) < x' ■■= cov(2<^, A++, A++, ^i) < < 2^ by clause (7) 
which wc have proved (and [Sh:g, ChII,5.4]) so by transitivity of cov, see 11.2(4), 
also 2^ > cov(//, A"*""*", A"*""*", "Ri) contradicting the present possibility. 

Case B : cf(T) > Kq. 

Let h : ^* ^ 2<^ be one-to-one, see {*)z{h). Let ^ C [2<^]^^ be such that 
every X e [2"^'""]-^^ is included in the union of countably members of exists by 
clause (7) of 11.1 by [Sh:g, IL5.4]. 

Now for every z/ = {vg : e < T) G limcf(T) ('^*)5 for some Aj^ G we have 
T = sup{£ G u : h{iyg) G Aj?}, so for every fj,' G (2^^, //) for some A ^ ^ we have 
H' <\{u :u e limcf(T)(^*) and Aj, ^ A}\. 

Now let be the closure of A to initial segments of length G u, easily is as 
required. 

So we have proved (*)4 so in possibility (2) the demand (a) — (e) in {A)x holds. 

Sub-possibility 2a : x* < 2'*'^. 

We shall prove (-B)a, so by the above we are left with proving clauses (C) — {k) 
when X* < 2'^^- By the choice of x*, easily the demand in clause {Q (in Case B 
of 11.1) holds; that is let {m^ : ( < x*} be a family of subsets of ^^>2, a set of 
cardinality 2'^, each of cardinality A""" such that any other such subset is included 
in the union of < < of them, exist by the choice of x*. 

Let = {z/ \ i : ly e Uc^ and i < ig{iy)}. Now {^^* : C < %*) is as required. 

In clause (?]), "2'^ < x*" holds as we are in possibility 2a. 

Also as pp(/i) = X* cf(|u) = A+ by the choice of fi necessarily (by tran- 
sitivity of pcf, i.e., [Sh:g, Ch.II,2.3](2)) we have cf(x*) > A"*" but 11 > A"*". Eas- 
ily A+ < X < X*A cf(x) < A+ ^ pp(x) < X* hence cov(x*, A++, A++, Ki) = 
X* by [Sh:g, Ch.II,5.4], which gives clause (A). Now let ^ C [x*]'^ exemplify 
cov(x*, A"''"'', A"*""*", b^i) = X* and let = {B : B is an infinite countable subset of 
some A G ^}. So C [x*]^° and easily A G [x*]^^ (3S G £/'){B C A) and 
\-^'\ ^ X* as (A+)^" < 2'*^ < X* certainly there is no family of > x* subsets of x* 
each of cardinality A"*" with pairwise finite intersections. But by 9.4 there is s^' C 
[/^umf(A++,2^^)]^^ of cardinality 2^"^^ such that A ^ B e ^' ^ \A n B\ < ^0, 
hence we have x* < /^unif(A"'", 2^) thus completing the proof of (9). 

Now clause (t) follows by clauses (77) + (9) + (k) as ^ Unfrid(^*)+ G (A+) 
which is (x*)"'~-complete ideals, see 9.4. Note also that G WDmTId^*(A+) by 
0.5(2) and it is a (x*)"*" complete ideal by 0.5(4). Also by clause (a) which we 
have proved 2'*'^ 7^ A"*""*" hence 2^^ > A"*"^ so by clause {rj) (as x* < 2^^), we have 
|lim;^+ (,^5^) I > A"*"*^ for some C which is well known (see [J]) to imply no normal 
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ideal on A+ is A+^-saturated; i.e., clause (//). So we have proved clauses (a) — (A) 
holds, i.e. that case {B)\ holds. 

Sub-possibility 20 : x* = 2^^ (and x* > 2^ > A+). 

We have proved that case {A)\ holds, as we already defined n and x* and proved 
clauses (a), {(3), (7), (5), (e) so we are done. Dii.! 

It may be useful to recall (actually A^*^-**"^ = A suffice) 

11.2 Fact. 1) Assume A > ^ > k = cf(K) > ki. Then A<''>*' < cov(A, 9+, k+, ki) 
recalling /i^'*^*'^ = sup{limK(=^) : =^ is a tree with < /j, nodes and k levels, e.g. ^ 
a subtree of '^^/u}. 

2) If |U > No is strong limit and \ > then for some k < we have cov(A, fi, /U, k). 

3) If ^ C ^2 is a tree, |^| < A"*" and A > then for every regular k < 
large enough, we can find {Yg : S < A+, cf(5) = /t), \Ys\ < A such that: 

for every 77 e lim;)^+ {^) for a club of 5 < A"*" we have cf(5) = n r] \ 5 eYs- 

4) [Transitivity of cov] If /U3 > //2 > A*i > 6* > = cf(a) and A2 = cov(//3,//2, 9, c) 
and < //2 =^ Ai > cov(//, //i, ^, u) then Ai + A2 > cov(//3, //i, ^, cr). 

Proof. 1) E.g. proved inside 11.1. 

2) By [Sh 460] or see [Sh 829]. 

3) Should be clear from part (2). 

4) Let ^2 ^ [a^s]^'*^ exemplify A2 = cov {113, 112 ,0, a) and for each A e P2 let 
/a be one to one function from 1^41 onto A and Q [|^|]^'^^ exemplify Ai > 

cov(|A|, /ii, 9, a). Lastly, let P = {/^(a) : a & u} : u & Pi,^,^ e P2} it exemplify 
Ai + A2 > cov(//3, fii, 9, a) as required. Dils 

We have used in proving 11.1 also 

11.3 Observation. Assume n > k> 9. 

If X = cov(//, Av+, Av+, 9+) then x^ > cov(//^ (At^)+, At+, 2). 

Proof. Let =^ C [/x]** exemplify x = cov{fi, k+, k+, 

Let (?7a : a < /U^) hst ^a*- Now for G [/i]'" define = {« < ^u^: if z < 6' 
then ?7a(i) e ^}, and let = <^2 = { |J -4^ : e <^ for i < 6'} and 

i<e 

^3 = {^W : e =^2}. 

So (of course x > A* as > k, hence x > 

(*)i (a) ^1 C [n]'^ has cardinality x 
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(6) ^2 ^ [z^]'*" has cardinality < 

(c) ^3 C [/i^] has cardinality < + = 

and 

(*)2 if ^ G [Z]^'^ then 

(a) ^' := {r7c.(^) : a G ^ and z < ^} G 

(6) there are G for z < 6' such that C |J 

(c) U^^^'^s 

(d) ^c(|JaoWg^3C[/]'^'. 

i<e 

[Why? Clause (a) holds by cardinal arithmetic, clause (b) holds by the 
choice of = clause (c) holds by the definition of ^2 and clause (d) 
holds by the definition of (— and of ^^.] 

Together we are done. Oils 

The following is needed when we like to get in the model theory not just many 
models but many models no one <^-embeddable into another and even just for /, 
(see VI. ^^^E46-4d.ll ^^). 

11.4 Claim. Assume: 

(a) cf(/Lt) < K < fx, K'^ < 9 < X* and ppK(/i) = x*, moreover pp fi{fj,) =^ x* 

(6) F is a function, with domain [fi]'^ , such that: for a G [/x]'^,F(a) is a family 
of < 9 members of [fj]'^ 

(c) F is a function with domain [fx]'^ such that 

a G [fi]'' ^ a C F{a) G F(a). 

Then we can find pairwise distinct ai G for i < x* such that = {a^ : i < x*} 
is (F^F) -independent which means 

{*)f,f,^ a^b k ae k be k ce F(a) -^{F{b) C c). 
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11.5 Remark. 1) Clearly this is a relative to Hajnal's free subset theorem [Ha61]. 

2) Note that we can choose F{a) = a. 

3) Also if Hi < jj, cf(/ii) < K < K+9 < Hi and pp«(//i) > jJ. then by [Sh:g, Ch.II,2.3] 
the Fact for implies the one for h- 

4) Note that if A = cf([/x]'^, C) then for some F, F as in the Fact we have 

® if G [hY for i < are pairwise distinct then not every pair {ai,aj} is 
(F, F) -independent 

[why? let ^ C be cofinal (under C) of cardinality A, and let F, F be 
such that 

F(a) C {6 e : a Cb and b e ^} has a C-maximal member F{a); 
obviously there are such F, F. 

Now clearly 

if a 7^ 6 are from and F(a) = F{b) then {a, b} is not (F, F)-independent. 

[Why? Just look at the definition of (F, F)-independent.] 

(*)2 if C [//]'* is of cardinality > A (e.g. A""") then is not (F, F)-independent. 

[Why? As Rang(F \ J') C Rang(F) C and =0^ has cardinality A necessarily 
there are a^b from such that F(a) = F(6) and use (*)i.] 

Proof. 

lEli it suffices to prove the variant with [//]'* replaced by [//]-'*. 

[Why? So we are given F, F as in the claim. We define g : [/j]-'^ — > [//]'* and 
functions F', F' with domain [/j]-'^ as follows: 

g{a) = {k + a : a & a} LI {a : a < k} 
F'(a) = {{a:K + aeb} -.be F{g{a))} 

F'{a) = {a:K + ae F{g{a))}. 

Now F',F' are as in the claim only replacing everywhere [^u]'* by [/u]-'*^, and if 
J^' — {tti : i < x} ^ [a*]"** with no repetitions satisfying (*)f',f',j^' then we shall 
show that := {g{ai) : i < %} is with no repetitions and {*)F,F,y holds. 
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This clearly suffices, but why it holds? Clearly g is a, one-to-one function so i ^ j < 
X g{cbi) 7^ and Rang(y) C [/j,]'^ so g{ai) e [lA'^- Let i ^ j and we should 

check that [c' G F{g{ai)) =^ F{g{aj)) ^ c'], so fix c' such that c' G F{g{ai)). 

By the definition of F'{ai) clearly c := {a : k + a E c'} belongs to F'(ai). By 
the choice of J^' = {a^ : i < %} we know that c G F'(ai) =^ F'{aj) ^ c, but by 
the previous sentence the antecedent hold hence F'{aj) ^ c hence we can choose 
a G F'{aj)\c. By the choice of F'{aj) we have k + a G F{g{aj)) and by the choice 
of c we have k + a ^ c', so a witness F{g{aj)) ^ c' as required.] 

So we conclude that we can replace [jj]'^ by [/z]-'^. In fact we shall find the in 

where a chosen below. 
As is a limit cardinal G (k, x*), if 6* < // then we can replace 9 by 6'"'" but ac < 
so without loss of generality k"*""*" < 9. 
Now we prove 

IEI2 for some unbounded subset w of x we have (Rang(/Q;) : a G if) is (F, F)- 
independent when: 

®x,aJ ^ ^ X— cf(na/J) where a C n Reg\ft;+, |a| < k, sup(a) = J^*^ C 
J and for simplicity x = pcf(a) and / = (/q : a < x) is a 

sequence of members of Ha, <j- increasing, and cofinal in (Ho, <j), 
so, of course, x ^ X*- 



Without loss of generality /a(A) > sup(an A) for A G a. 

Also for every a G [/u]'*, define ch^ G Ha by cho(A) = sup (a fl A) for A G a so for 
some ((a) < x we have ch^ <j /^(^^ (as {fa : o; < x) is cofinal in (Ha, <j)). So 
for each a G [/u]'^, as |F(a)| < 9 < x = cf(x) clearly ^(a) := sup{C(&) : b G F(a)} 
is < x? cind clearly (V6 G F(a))[chb <j /^(a)]- So C := {7 < x : for every P < 
7,^(Rang(/;3)) < 7} is a club of x- 

For each a < X; Rang(/a) G [/i]'*, hence F(Rang(/Q,)) has cardinality < 6', but 
9 < X = cf(x) hence for some ^1 < ^ we have 9i > and x = supjo; < x ^ 
|F(Rang(/Q,)| < ^1}, so without loss of generality a < x ^ ^1 > \^{^'^z{fa))\- 

As K+ < ^1, by [Sh 420, §1] there are J, S such that 

(*)i (a) 5" C 6*^ is a stationary 

(6) 5 C {5 < 6*+ : cf(5) = K+} 
(c) 5 belongs to /[^^], 

{d) {di : i < 9i) witness it, so otp((i^) < k'^ ,di C i, [j ^ di ^ dj = diHi] 
and i E S ^ i = sup{di), 
and for simplicity (see [Sh:g, III]) 
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(e) for every club E of for stationarily many S e S we have 
(Va e ds)[i3p e E)(sup(a (Ids) < P < «)]• 

Now try to choose by induction on i < 6'j'', a triple {gi, ctj, Wi) such that: 

(*)2 (a) gi e na 

(b) iij<i then^^ < j 

(c) (VA e o)(sup ^j(A) < gi{X)) 

{d) OLi <x and OLi > sup(|^ Wj) 

j<i 

(e) j < i ^ aj < ai 

if) 9i <J fai 

{g) P e[J Wj ^ ^(Rang(/^)) < & <j gi 

(h) Wi is a maximal subset of {ai,x) satisfying 

(*) PewiSz^ewiSzP^^Szae F(Rang(//3)) =^ 
-(F(Rang(^)) C a) 
and moreover 

(*)+ Pew, kjewikp^jkae F(Rang(/^)) =^ 
{A e a : fy{X) e a} e J. 



Note that really (as indicated by the notation) 

(8) a w C (ai,x) satisfies (*)+ then it satisfies (*). 

[Why? let us check (*), so let /3 G iw, 7 G /? 7^ 7 and a G F(Rang(/^)); by (*) + 
we know that o' = (A G o : /7(A) E a} E J. Now as J is a proper ideal on a 
clearly for some A G o we have A ^ a', hence /7(A) ^ a but /7(A) G Rang (/-,,) 
and by the assumption on (F, F) we have Rang(/^) C F(Rang(/y)) hence /7(A) G 
F(Rang(/^))\a so -i(F(Rang(/y)) C a), as required.] 

We claim that we cannot carry the induction because if we succeed, then as 
cf(x) = X > ^ > ^1^ there is a such that a, < a < x and let F(Rang(/Q,)) = 

i<dt 

{a^ : C < Oi} (possible as 1 < |F(Rang(/a))| < ^1). Now for each i < 9+, by 
the choice of Wi clearly Wi U {a} does not satisfy the demand in clause (h) and 

^^in fact, without loss of generality min(a) > 9^ , so we can demand gj < gi so clause (c) is 
redundant 
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let it be exemplified by some pair {(3i,ji). Now {/3i,7i} C Wi is impossible by the 
choice of Wi, i.e. as Wi satisfies clause (h). Also /3j e tUj A 7^ = a is impossible as 

Pi E Wi ^ ^(Rang(//3j) < ai^i < a, so necessarily 7^ G Wi and (3i = a, so for some 
a' G F(Rang(/;3.)) = F(Rang(/Q,)) the conclusion of (*)+ fails, so as (a^ : C < ^1) 
list F(Rang(/Q,)) it follows that for some Q < 9i we have 

ai = {X e a : f^,{X) e a^} ^ J. 

[why use the ideal? In order to show below that bg 7^ 0.] But cf{6f) = 6f > 9i, 
so for some < 9^ we have A := {i : Q = C(*)} is unbounded in 9^ . Hence 
E = {a < 9+ : a a limit ordinal and A fl a is unbounded in a} is a club of 
^J*". So for some 5 e 5 we have 5 = sup(A fl 5), moreover letting {ctg : £ < 
list in increasing order, we have (ye)[E fl (sup Q!^,Q;e) ^ 0] hence we can find 

e) G (supa^, ct^) fl A for each e < 
Clearly for each e < k+ 

be = {A G a : ^i(5,e)(A) < (A) < A,(,,,)(A) 

< < /ai(5,,)+i(A) < /a(A)} = a mod J 

hence bg n ai(5,£) ^ 0. Moreover, be fl ai(^s,e) ^ o'^- Now for each A G a let £(A) be 
sup{£ < k"*" : A G be n ai(^s,s)} ^^nd let e{*) — sup{£(A) : A G a and £(A) < so 
as |a| < K clearly e{*) < Let A* G be(*)_|_i n aii^s,e{*)+i): so 5 := {e < k+ : 
A* G bg n ai(^s,s)} is unbounded in {fi3^s^^{X*) : e E B) is strictly increasing 
(see clause (c) above and the choice of bg) and s E B ^ fl3i(ss)i'^*) ^ '^C(*) ^^•^ 
the definition of 0^(5 g), and as Ci((5,e) = C(*))- We get contradiction to a G 
F(Rang(/c,)) ^ \a\ < k. 

So really we cannot carry the induction in (*)2 so we are stuck at some i < 9^. 
If z = 0, or z limit, or i = j + 1 & sup(t(;j) < x we can find gi and then and 
then Wi as required. So necessarily i = j + l,svLp{wj) = x- So we have finished 
proving IEI2. 

KI3 there is ^ C [fj,]-'^ as required. 

Now if X* is regular, recalling that we assume pp «;(/") ="*" x* there are a, J as 
required in ® above for x = X*-i hence also such /. Applying IEI2 to (x, a, J, f) we 
get w as there. Now (Rang(/Q,) : a G lu) is as required in the fact. So the only case 
left is when x* is singular. Let x* = sup Xe ^-^d Xe £ (a*) X*) ^ R-^g is (strictly) 

e< cf(x*) 
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increasing with e. By [Slug, Ch.II,§3] we can find, for each e < cf(x*), Og, Jg, = 
(/^ : a < Xs) satisfying the demands in © above, but in addition 

is /x^-free i.e. for every u e [XeY there is a sequence (ba : a G u) such 
that ba e Je and for each A e ag, (/^(A) : a satisfies A ^ ba) is strictly 
increasing. 

So for every a G [/i]-'^ and £ < cf(x*) we have 

{q; < Xe : {A e Oe : /a (A) e a} ^ Je} has cardinality < k. 

Hence for each a e [/z]-'^ 

{(e, a) : £ < cf(x*) and a < Xe and {A e : /a(A) G a} ^ Jg} 

has cardinality < k + cf(x*) = cf(x*) as for singular ji > k > cf(//) we have 
cf(pp«(//)) > K. 

Define: X = {{e, a) : e < cf(x*), a < Xe} 

F'[{e,a)) = {is',a') :ie',a') G X\{(e,a)} and for some 

d G F(Rang(/^)) we have {A G ttg : /^',(A) e d} ^ Jg/} 

so -F'((£, a)) is a subset of X of cardinality < cf(x*)''" + 9 < x* ■ 

So by Hajnal's free subset theorem [Ha61] we finish proving KI3 (we could alter- 
natively, for X* singular, have imitated his proof). 

Recalling Kli we are done. □11.4 
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